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FINE GRADINGS ON KANTOR SYSTEMS
OF HURWITZ TYPE
DIEGO ARANDA-ORNA AND ALEJANDRA S. CO´RDOVA-MARTI´NEZ
Abstract. We give a classification up to equivalence of the fine group gradings
by abelian groups on the Kantor pairs and triple systems associated to Hurwitz
algebras (i.e., unital composition algebras), under the assumption that the base
field is algebraically closed of characteristic different from 2. The universal
groups and associated Weyl groups are computed. We also determine, in the
case of Kantor pairs, the induced (fine) gradings on the associated Lie algebras
given by the Kantor construction.
1. Definitions and preliminaries
Throughout this paper, we will always assume that the base field F is alge-
braically closed of characteristic different from 2, unless otherwise stated.
This paper is structured as follows:
In this section we recall some basic definitions and results related to gradings,
structurable algebras, Kantor systems (i.e., Kantor pairs and Kantor triple sys-
tems), Peirce decompositions, and Hurwitz algebras; a few original results will be
proven here too.
In Section 2, some general results related to automorphisms and gradings on
Kantor systems are proven.
Section 3 is aimed to study the automorphisms and orbits of Kantor systems of
Hurwitz type. Unexpectedly, an exceptional case occurs for 2-dimensional Kantor
pairs of Hurwitz type if char F = 3. This case, in Section 6, is shown to be related
to the Lie algebra a2, which is also exceptional if char F = 3.
A classification of the fine gradings up to equivalence, for Kantor systems of
Hurwitz type, is given in Section 4. The Weyl groups of these fine gradings are
computed in Section 5, and the induced gradings on Lie algebras via the Kantor
construction are described in Section 6.
1.1. Gradings on algebras. Now we will recall the basic definitions of gradings
on algebras.
Let A be an F-algebra (not necessarily associative) and G a group. A G-grading
on A is a vector space decomposition
Γ : A =
⊕
g∈G
Ag
such that AgAh ⊆ Agh for all g, h ∈ G. Given a G-grading on A, we will also
say that A is a G-graded algebra. The nonzero elements x ∈ Ag are said to be
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homogeneous of degree g, and we have a degree map degΓ(x) = g (also denoted
by deg if there is no ambiguity with other gradings). The subspace Ag is called
homogeneous component of degree g. The set Supp Γ := {g ∈ G | Ag 6= 0} is called
the support of the grading.
Recall that an involution is an F-linear antiautomorphism of order 2. For the
case of an algebra with involution (A,−), we will also require the homogeneous
components to be invariant by the involution, that is, Ag = Ag for each g ∈ G.
Let Γ : A =
⊕
g∈GAg and Γ
′ : A =
⊕
h∈H A
′
h be two gradings on A. Then we
will say that Γ is a refinement of Γ′, or that Γ′ is a coarsening of Γ, if for any g ∈ G
there exists h ∈ H such that Ag ⊆ A′h; if the inclusion is strict for some g ∈ G,
then we will say that we have a proper refinement or coarsening. A grading is fine
if it has no proper refinements.
If Γ is a grading on a finite-dimensional algebra A, a sequence of natural numbers
(n1, n2, . . . ) is called the type of Γ if ni is the number of homogeneous components
of dimension i, for i ∈ N.
If Γ : A =
⊕
g∈GAg and Γ
′ : A =
⊕
h∈H A
′
h are gradings on A, we will say that
Γ and Γ′ are compatible if A =
⊕
g∈G,h∈H A(g,h) where A(g,h) := Ag ∩ A′h. Note
that compatibility implies that the subspaces A(g,h) define a G×H-grading on A.
A subspace V of A is said to be graded for Γ if V =
⊕
g∈G(V ∩Ag).
The choice of a grading group G for a grading Γ is not unique, so it is convenient
to consider gradings by their universal group. Recall that a group G0 is said to be
a universal group of a grading Γ on A if it satisfies the following universal property:
for any other realization of Γ as a G-grading, there exists a unique homomorphism
G0 → G that restricts to the identity on Supp Γ (with the natural identification of
both supports). It is well-known that universal groups always exist and are unique
up to isomorphism. We will denote the universal group of Γ by U(Γ). Note that
U(Γ) is the group generated by Supp Γ with the defining relations g1g2 = g3 for all
g1, g2, g3 ∈ Supp Γ such that 0 6= Ag1Ag2 ⊆ Ag3 .
If Γ can be realized as an abelian group grading, then its universal abelian group
can be defined similarly, by adding the restriction of being abelian. In this paper
we will only consider gradings by abelian groups, so that additive notation will
be used for their products, and by universal group we will mean universal abelian
group.
Let Γ be a G-grading on an algebra A and Γ′ an H-grading on an algebra B.
Then Γ and Γ′ are said to be equivalent if there exist an isomorphism of algebras
ϕ : A → B and a bijection α : Supp Γ → Supp Γ′ such that ϕ(Ag) = Bα(g) for all
g ∈ Supp Γ.
A degree map related to the universal property that defines U(Γ) will be called
a universal degree map of the U(Γ)-grading Γ. Note that Γ may be realizable as a
U(Γ)-grading with different degree maps, and some may not satisfy the universal
property that defines U(Γ). Since U(Γ) is unique up to isomorphism, it follows
that the universal degree is unique up to equivalence of gradings; in other words,
deg and deg′ are universal degrees of Γ as a U(Γ)-grading if and only if there is
ϕ ∈ Aut(U(Γ)) such that deg′ = ϕ ◦ deg. When we say that a G-grading Γ, with
degree map deg, is given by its universal group, we usually mean that G ∼= U(Γ)
and deg is equivalent to the universal degree of Γ.
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If V is a vector space and G an abelian group, a decomposition Γ: V =
⊕
g∈G Vg
will be called a G-grading on V . Let Γ′ : W =
⊕
g∈GWg be a G-grading on a vector
space W and g ∈ G, then a linear map f : V → W is said to be homogeneous of
degree g if f(Vh) ⊆ Wg+h for each h ∈ G. In that case, ker f and im f are graded
subspaces for Γ and Γ′, respectively.
Given a G-grading Γ on A, the automorphism group of Γ, Aut(Γ), is the group of
self-equivalences of Γ. The stabilizer of Γ, Stab(Γ), is the group ofG-automorphisms
of Γ, i.e., the group of automorphisms of A that fix the homogeneous components.
The diagonal group of Γ, Diag(Γ), is the subgroup of Stab(Γ) consisting of the
automorphisms that act by multiplication by a nonzero scalar on each homogeneous
component. The Weyl group of Γ is the quotient group W(Γ) = Aut(Γ)/ Stab(Γ),
which can be regarded as a subgroup of Sym(Supp Γ) and of Aut(U(Γ)).
In this paper, fine gradings will be classified up to equivalence and by their
universal abelian groups. Recall that for finite-dimensional algebras, the non-fine
gradings can be obtained by computing the coarsenings of the fine gradings, and
these are induced by quotients of the universal groups.
The definitions of affine group schemes and their relation with gradings can be
consulted in [EK13, Appendix A].
1.2. Kantor pairs and Kantor triple systems. Let (A,−) be an F-algebra with
involution. Then A = H(A,−)⊕ S(A,−), where:
H(A,−) = {a ∈ A | a¯ = a} and S(A,−) = {a ∈ A | a¯ = −a}.
The subspaces H(A,−) and S(A,−) are called, respectively, the hermitian (or sym-
metric) subspace and the skew-symmetric subspace.
Definition 1.1. A unital F-algebra with involution (A,−) is said to be structurable
if
(1.1) [Vx,y, Vz,w] = VVx,yz,w − Vz,Vy,xw for all x, y, z ∈ A,
where Vx,y(z) = {x, y, z} := (xy¯)z + (zy¯)x − (zx¯)y. The U -operator is defined by
Ux,z(y) := {x, y, z} and Ux := Ux,x.
Note that, in the literature, fields of characteristic 3 are usually excluded in the
definition of structurable algebra; this is due to problems arising in characteristic 3,
including some results of general theory that may not hold in that case. However,
here we will include that case.
Recall that the associative center of A, denoted by Z(A), is the set of elements
z ∈ A satisfying the equalities xz = zx and (z, x, y) = (x, z, y) = (x, y, z) = 0 for
all x, y ∈ A), where (x, y, z) := (xy)z − x(yz) denotes the associator. The center
of (A,−) is defined by Z(A,−) = Z(A) ∩H(A,−), and a structurable algebra A is
said to be central if Z(A,−) = F1.
Now we recall the well-known classification of central simple structurable alge-
bras:
Theorem 1.2 (Allison, Smirnov). If char F 6= 2, 3, 5, then any central simple struc-
turable F-algebra belongs to one of the of the following six (non-disjoint) classes:
(1) central simple associative algebras with involution,
(2) central simple Jordan algebras (with identity involution),
(3) structurable algebras constructed from a non-degenerate Hermitian form
over a central simple associative algebra with involution,
4 D. ARANDA-ORNA AND A.S. CO´RDOVA-MARTI´NEZ
(4) forms of the tensor product of two Hurwitz algebras,
(5) simple structurable algebras of skew-dimension 1 (forms of structurable ma-
trix algebras),
(6) an exceptional 35-dimensional case (Kantor-Smirnov algebra), which can
be constructed from an octonion algebra. 
This classification was given by Allison in the case of characteristic 0 ([Al78]),
where case (6) was overlooked. Smirnov completed the classification and gave the
generalization for the case with char F 6= 2, 3, 5 ([Smi92]).
Definition 1.3. A Kantor pair (or generalized Jordan pair of second order [F94,
AF99]) is a pair of vector spaces V = (V+,V−) and a pair of trilinear products
V
σ × V−σ × Vσ → Vσ, denoted by {x, y, z}σ, satisfying the identities:
[V σx,y, V
σ
z,w] = V
σ
V σx,yz,w
− V σ
z,V −σy,x w
,(1.2)
KσKσx,yz,w = K
σ
x,yV
−σ
z,w + V
σ
w,zK
σ
x,y,(1.3)
where V σx,yz = U
σ
x,z(y) := {x, y, z}σ, Uσx := Uσx,x and Kσx,yz = Kσ(x, y)z :=
{x, z, y}σ − {y, z, x}σ. The map V σx,y is sometimes denoted by Dσx,y or Dσ(x, y),
because (V +x,y,−V −y,x) is a derivation of the Kantor pair. The superscript σ will
always take the values + and −, and may be omitted when there is no ambiguity.
Definition 1.4. A Kantor triple system (or generalized Jordan triple system of
second order [K72, K73]) is a vector space T with a trilinear product T×T×T → T,
denoted by {x, y, z}, which satisfies:
[Vx,y, Vz,w] = VVx,yz,w − Vz,Vy,xw,(1.4)
KKx,yz,w = Kx,yVz,w + Vw,zKx,y,(1.5)
where Vx,yz = Ux,z(y) := {x, y, z}, Ux := Ux,x and Kx,yz := {x, z, y} − {y, z, x}.
Given a structurable algebra A, we can define its associated Kantor triple system
as the vector space A endowed with the triple product {x, y, z} of A. Similarly,
with two copies of a Kantor triple system T and two copies of its triple product
we can define the associated Kantor pair V = (T,T). In particular, a structurable
algebra A with its triple product defines a Kantor pair (A,A). Note that Jordan
pairs (respectively, Jordan triple systems) are particular cases of Kantor pairs (re-
spectively, Kantor triple systems); they are exactly those where Kx,y = 0 for all
x, y.
We will now recall (see [AF99, §3–4]) the Kantor construction from a Kantor pair,
which produces a 5-graded Lie algebra. The Kantor construction is a generalization
of the Tits-Kantor-Koecher (TKK) construction from Jordan pairs. Consider the
vector space
(1.6) K(V) := K(V)−2 ⊕ K(V)−1 ⊕ K(V)0 ⊕ K(V)1 ⊕ K(V)2,
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where
K(V)−2 =
(
0 K(V−,V−)
0 0
)
, K(V)−1 =
(
V−
0
)
,
K(V)0 = span
{(
D(x−, x+) 0
0 −D(x+, x−)
)
| xσ ∈ Vσ
}
,
K(V)1 =
(
0
V+
)
, K(V)2 =
(
0 0
K(V+,V+) 0
)
.
Then, the vector space
S(V) :=K(V)−2 ⊕ K(V)0 ⊕ K(V)2
=span
{(
D(x−, x+) K(y−, z−)
K(y+, z+) −D(x+, x−)
)
| xσ , yσ, zσ ∈ Vσ
}
is a subalgebra of the Lie algebra
End
(
V−
V+
)
=
(
End(V−) Hom (V+,V−)
Hom(V−,V+) End(V+)
)
,
with the commutator product. Now define an anti-commutative product on K(V)
by means of
[A,B] = AB −BA, [A,
(
x−
x+
)
] = A
(
x−
x+
)
,
[
(
x−
x+
)
,
(
y−
y+
)
] =
(
D(x−, y+)−D(y−, x+) K(x−, y−)
K(x+, y+) −D(y+, x−) +D(x+, y−)
)
where xσ, yσ ∈ Vσ and A,B ∈ K(V)i for i = −2, 0, 2. Then K(V) becomes a Lie
algebra, called the Kantor Lie algebra of V. The 5-grading is a Z-grading which is
called the standard grading on K(V), but we will also refer to it as the main grading
on K(V). The subspaces K(V)1 and K(V)−1 are usually identified with V+ and V−,
respectively. The Kantor construction of a structurable algebra or Kantor triple
system is defined as the Kantor construction of the associated Kantor pair.
Conversely, it is well-known (see [AFS17, §4.2] and references therein) that a 5-
graded Lie algebra L =
⊕
i∈Z Li produces a Kantor pair V = (L−1, L1) with triple
products defined by
{xσ, y−σ, zσ} := [[xσ, y−σ], zσ].
Let A be a structurable algebra and V = (V+,V−) = (A,A) the associated
Kantor pair. Recall that ν(x−, x+) := (Dx−,x+ ,−Dx+,x−) is a derivation called
inner derivation associated to (x−, x+) ∈ V− ×V+. The inner structure algebra of
A is the Lie algebra innstr(A) := span{ν(x, y) | x, y ∈ A}. Let Lx denote the left
multiplication by x ∈ A and write S = S(A). Then, the map S → LS, s 7→ Ls, is
a linear monomorphism, thus we can identify S with LS. Also, note that the map
A×A→ S given by ψ(x, y) := xy¯− yx¯ is an epimorphism (because ψ(s, 1) = 2s for
s ∈ S). By [AF84, (1.3)], we have the identity Lψ(x,y) = Ux,y − Uy,x = K(x, y) for
all x, y ∈ A. Consequently, we can identify the subspaces K(V)2 and K(V)−2 with
LS, and also with S. This allows to write the main grading on K(A) in a well-known
second form, as follows:
(1.7) K(A) = S− ⊕A− ⊕ innstr(A)⊕A+ ⊕ S+.
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This construction can be used to induce gradings on the Kantor Lie algebra from
gradings on a structurable algebra, Kantor pair, or Kantor triple system. That is
one of the aims of this work, where the particular case related to Hurwitz algebras
is studied.
Finally, note that for a Kantor pair V, each automorphism ϕ ∈ Aut(V) has a
natural extension ϕ˜ ∈ Aut(K(V)) whose action on S(V) is given by
(1.8) A =
(
A11 A12
A21 A22
)
7→
(
ϕ−A11(ϕ−)−1 ϕ−A12(ϕ+)−1
ϕ+A21(ϕ
−)−1 ϕ+A22(ϕ+)−1
)
for each A ∈ S(V), and we have that Aut(V) ≤ Aut(K(V)).
1.3. Gradings on Kantor pairs and Kantor systems.
Definition 1.5. Let G be an abelian group. Given two decompositions of vec-
tor spaces Γσ =
⊕
g∈G V
σ
g , we will say Γ = (Γ
+,Γ−) is a G-grading on V if
{Vσg ,V−σh ,Vσk} ⊆ Vσg+h+k for any g, h, k ∈ G and σ ∈ {+,−}. The vector space
V+g ⊕ V−g is the homogeneous component of degree g. If 0 6= x ∈ Vσg we say x is
homogeneous of degree g and we write deg(x) = g.
The rest of definitions related to gradings (universal group, equivalence and
isomorphism of gradings, etc) are analogous to the algebra case.
Let Γ be a G-grading on a Kantor pair V with degree deg. Fix g ∈ G. For
any homogeneous elements x+ ∈ V+ and y− ∈ V−, set degg(x+) := deg(x+) + g,
degg(y
−) := deg(y−) − g. This defines a new G-grading, which will be denoted
by Γ[g] and called the g-shift of Γ. Note that, although Γ and Γ[g] may fail to be
equivalent (because the shift may collapse or split a homogeneous subspace of V+
with another of V−), the intersection of their homogeneous components with Vσ
coincide for each σ. It is clear that (Γ[g])[h] = Γ[g+h]. Similarly, if Γ is a G-grading
on a Kantor triple system T and g ∈ G has order 1 or 2, we can define the g-shift
Γ[g] with the new degree degg(x) := deg(x) + g.
A G-grading on K(V) is called Kantor-compatible if K(V)−1 and K(V)1 are G-
graded spaces. Note that in this case K(V)0 = span[K(V)1,K(V)−1], K(V)2 =
span[K(V)1,K(V)1] and K(V)−2 = span[K(V)−1,K(V)−1] are graded too. In other
words, a grading on K(V) is Kantor-compatible if and only if it is compatible with
the Z-grading associated to the Kantor construction. A G-grading Γ on V can
be extended to a Kantor-compatible G-grading EG(Γ) : K(V) =
⊕
g∈G K(V)g by
setting K(V)g =
⊕2
i=−2 K(V)
i
g where K(V)
i
g := K(V)
i ∩ K(V)g . Note that we have:
K(V)−2g = span
{(
0 K(V−g1 ,V
−
g2)
0 0
)
| g1 + g2 = g
}
, K(V)−1g =
(
V−g
0
)
,
K(V)0g = span
{(
D(x−, x+) 0
0 −D(x+, x−)
)
| xσ ∈ Vσ, deg(x+) + deg(x−) = g
}
,
K(V)1g =
(
0
V+g
)
, K(V)2g = span
{(
0 0
K(V+g1 ,V
+
g2) 0
)
| g1 + g2 = g
}
.
Conversely, any Kantor-compatible G-grading Γ˜ on K(V) restricts to a G-grading
RG(Γ˜) on V, because {xσ, y−σ, zσ} = [[xσ, y−σ], zσ] for xσ, zσ ∈ Vσ, y−σ ∈ V−σ
and σ ∈ {+,−}. (We identify x− with
(
x−
0
)
and x+ with
(
0
x+
)
for all xσ ∈ Vσ.)
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Denote by GradG(V) the set of G-gradings on V, and by KGradG(K(V)) the
set of Kantor-compatible G-gradings on K(V). We will call EG : GradG(V) →
KGradG(K(V)) the extension map and RG : KGradG(K(V)) → GradG(V) the re-
striction map.
The following result is an extension of the Jordan case in [Ara17, Th. 2.13].
Proposition 1.6. Let V be a Kantor pair with associated Lie algebra K(V) and
let G be an abelian group. Then, the maps EG and RG are inverses of each other.
Coarsenings are preserved by the correspondence, that is, given a Gi-grading Γi on
V with extended Gi-grading Γ˜i = EG(Γi) on K(V) for i = 1, 2, and a homomorphism
α : G1 → G2, then Γ2 = αΓ1 if and only if Γ˜2 = αΓ˜1. Let Γ be a G-grading on V.
If G = U(Γ), then G = U(EG(Γ)). Moreover, Γ is fine and G = U(Γ) if and only
if EG(Γ) is fine and G = U(EG(Γ)).
Proof. By construction EG and RG are inverses of each other.
Assume that Γ2 =
αΓ1 for some homomorphism α : G1 → G2. Since V±1g ⊆ V±1α(g)
for any g ∈ G, we have K(V)±1g ⊆ K(V)±1α(g) and
K(V)i+jg =
∑
g1+g2=g
[K(V)ig1 ,K(V)
j
g2 ] ⊆
∑
g1+g2=g
[K(V)iα(g1),K(V)
j
α(g2)
] ⊆ K(V)i+jα(g)
for i, j ∈ {1,−1}. Then K(V)g ⊆ K(V)α(g) for any g ∈ G. Hence Γ˜1 refines Γ˜2 and
Γ˜2 =
αΓ˜1. Conversely, if Γ˜2 =
αΓ˜1, by restriction we obtain Γ2 =
αΓ1. This proves
that the coarsenings are preserved.
Consider Γ˜ = EG(Γ) with G = U(Γ). Note that Supp Γ generates U(Γ) and
U(Γ˜). Since the U(Γ˜)-grading Γ˜ restricts to Γ as a U(Γ˜)-grading, there is a unique
homomorphism G = U(Γ) → U(Γ˜) which restricts to the identity in Supp (Γ).
Conversely, Γ extends to Γ˜ as a G-grading, so there is a unique homomorphism
U(Γ˜) → G which restricts to the identity map in Supp (Γ˜) = Supp (Γ). Therefore
the compositions G → U(Γ˜) → G and U(Γ˜) → G → U(Γ˜) are the identity map,
and G = U(Γ˜).
Suppose again that Γ˜ = EG(Γ). Note that Γ is a fine G-grading on V with
G = U(Γ) if and only if Supp Γ generates G and Γ satisfies the following property:
if Γ = αΓ0 for some G0-grading Γ0 on V, where G0 is generated by Supp Γ0 and α :
G0 → G is an epimorphism, then α is an isomorphism. The same is true for Kantor-
compatible gradings. Since the coarsenings are preserved in the correspondence,
so does this property (also note that Supp Γ generates G if and only if Supp Γ˜
generates G). Then we get that Γ is fine and G = U(Γ) if and only if EG(Γ) is
fine in the class of Kantor-compatible gradings and G = U(EG(Γ)). Moreover, if Γ˜
is fine in the class of Kantor-compatible gradings, then the supports of K(V)i for
i = −2,−1, 0, 1, 2 are disjoint and therefore Γ˜ is also fine in the class of all abelian
group gradings on K(V). Therefore Γ is fine and G = U(Γ) if and only if EG(Γ) is
fine and G = U(EG(Γ)). 
Note that if Γ is a grading on a Kantor pair V given by its universal group
G = U(Γ), since automorphisms extend from V to K(V), we have that W(Γ) ≤
W(EG(Γ)).
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1.4. Gradings on Hurwitz algebras. Recall that for a Hurwitz algebra C, the
equation
(1.9) x2 − n(x, 1)x+ n(x)1 = 0
is satisfied by any x ∈ C, where n denotes both the norm of C and its polar form.
The norm is nondegenerate and multiplicative (n(xy) = n(x)n(y) for any x, y ∈ C),
and the trace of x ∈ C is defined by t(x) := n(x, 1). It was proven in [AM99] that
the split Cayley algebra C has a homogeneous basis BCD(C) := {xg}g∈Z32 associated
to a (fine) Z32-grading, with degree map deg(xg) := g, and such that the product is
given by
(1.10) xgxh := σ(g, h)xg+h
with
σ(g, h) = σg,h := (−1)ψ(g,h),
ψ(g, h) := h1g2g3 + g1h2g3 + g1g2h3 +
∑
i≤j
gihj ,
for any g = (g1, g2, g3), h = (h1, h2, h3) ∈ Z32. The multiplication constants of this
basis satisfy the property σg,h+k = σg,hσg,k for any g, h, k ∈ Z32; in other words,
σg ∈ Ẑ32 for all g ∈ Z32, where we denote σg(h) := σg,h for h ∈ Z32. Moreover,
x0 = 1, BCD(C) is an orthonormal basis relative to the norm, and the involution is
given by x¯g = σg,gxg for any g ∈ Z32. We will refer to BCD(C) as a Cayley-Dickson
basis of C.
Furthermore, for each subgroup Zm2
∼= H ≤ Z32 with m ∈ {0, 1, 2}, we have that
C := span{xh}h∈H is an H-graded Hurwitz algebra of dimension 2m, and the basis
BCD(C) of C inherits the good properties from the basis BCD(C); we will say that
BCD(C) is a Cayley-Dickson basis of C.
Let {ai}3i=1 be the canonical basis of Z32. Then, if we consider Z32 with the order
given by
(0, a1, a2, a1 + a2, a3, a1 + a3, a2 + a3, a1 + a2 + a3),
the multiplication constants for the Cayley-Dickson basis on C are given by
(1.11) (σg,h)g,h∈Z32 =


1 1 1 1 1 1 1 1
1 −1 1 −1 −1 1 −1 1
1 −1 −1 1 −1 1 1 −1
1 1 −1 −1 −1 −1 1 1
1 1 1 1 −1 −1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 −1 −1 1 1 −1 −1
1 −1 1 −1 1 −1 1 −1


,
where the highlighted submatrices above correspond to the constants for the cases
dimC = 1, 2, 4.
There is a basis BZ(C) := {e1, e2, u1, u2, u3, v1, v2, v3} of the split Cayley algebra
C where the multiplication is given as in Figure 1 ([EK13, §4.1]). We will call this
basis a Cartan basis of C.
If C is a Hurwitz algebra with dimC = 1, 2, 4, respectively, then we define the
Cartan basis BZ(C) of C as {e1}, {e1, e2} or {e1, e2, u1, v1}, respectively, with the
same products as in Figure 1.
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e1 e2 u1 u2 u3 v1 v2 v3
e1 e1 0 u1 u2 u3 0 0 0
e2 0 e2 0 0 0 v1 v2 v3
u1 0 u1 0 v3 −v2 −e1 0 0
u2 0 u2 −v3 0 v1 0 −e1 0
u3 0 u3 v2 −v1 0 0 0 −e1
v1 v1 0 −e2 0 0 0 u3 −u2
v2 v2 0 0 −e2 0 −u3 0 u1
v3 v3 0 0 0 −e2 u2 −u1 0
Figure 1. Multiplication for the Cartan basis
Recall from [EK13, §4.1] that there is a fine Z2-grading on C, where the Cartan
basis is homogeneous and the degree map is given by
(1.12)
deg(e1) = (0, 0) = deg(e2), deg(u1) = (1, 0) = − deg(v1),
deg(u2) = (0, 1) = − deg(v2), deg(v3) = (1, 1) = − deg(u3).
If dimC = 4, we have a fine Z-grading on C where the Cartan basis is homogeneous
with degree map given by deg(ei) = 0 for i = 1, 2 and deg(u1) = 1 = − deg(v1).
For the cases where dimC = 1, 2, the only grading on C where the Cartan basis is
homogeneous is the trivial grading (see [EK13, Remark 4.16]).
It is straightforward to see that we can obtain a Cayley-Dickson basis from a
Cartan basis via the expressions:
(1.13)
x0 = e1 + e2, xa1 = −i(e1 − e2),
xa2 = u1 + v1, xa1+a2 = −i(u1 − v1),
xa3 = u2 + v2, xa1+a3 = i(u2 − v2),
xa2+a3 = −(u3 + v3), xa1+a2+a3 = −i(u3 − v3),
where i is a square root of −1 in F, or equivalently:
(1.14)
e1 = (x0 + ixa1)/2, e2 = (x0 − ixa1)/2,
u1 = (xa2 + ixa1+a2)/2, v1 = (xa2 − ixa1+a2)/2,
u2 = (xa3 − ixa1+a3)/2, v2 = (xa3 + ixa1+a3)/2,
u3 = −(xa2+a3 − ixa1+a2+a3)/2, v3 = −(xa2+a3 + ixa1+a2+a3)/2.
Notation 1.7. In order to study gradings on Kantor pairs and triple systems in
further sections, it may be convenient to introduce the following notation, which is
better suited to describe the new symmetries appearing.
Let i be a square root of −1 in F. Consider the parity operator |a| := ord(a)−1 ∈
{0, 1} for a ∈ Z2; also note that
(1.15) i|a|+|b| = σa,bi|a+b| and (−1)|a| = σa,a
for a, b ∈ Z2, where σa,b denotes the corresponding multiplication constant for a
Cayley-Dickson basis of the 2-dimensional Hurwitz algebra. Let C be a Hurwitz
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algebra with dimC = 2m > 1 and consider a Cayley-Dickson basis BCD(C) =
{xg}g∈Zm2 . Using the same basis {ai}mi=1 associated to (1.11), we will denote xag :=
x(g,a) for (g, a) ∈ Zm−12 ×Z2 ≡ Zm2 , where the group Z2 is generated by a1, and on
the other hand, Zm−12 is generated by {a2, a3} if m = 3 and by {a2} if m = 2. It is
also straightforward to see that
(1.16) σa,kσk,a = (−1)|a||k| = σ|k|a,a = σ|a|k,k
for each (k, a) ∈ Zm−12 × Z2. We will denote
(1.17) vαg :=
√
2
4
∑
a∈Z2
α(a)σa,gi
|a|xag ,
for each g ∈ Zm−12 and α ∈ Ẑ2. We can recover the original Cayley-Dickson basis
via the expression:
(1.18) xag =
√
2
∑
α∈Ẑ2
α(a)σa,g(−i)|a|vαg ,
for each (g, a) ∈ Zm−12 × Z2. Indeed,
√
2
∑
α∈Ẑ2
α(a)σa,g(−i)|a|vαg =
1
2
∑
α∈Ẑ2
α(a)σa,g(−i)|a|
∑
b∈Z2
α(b)σb,gi
|b|xbg
=
∑
b∈Z2
σa,gσb,g(−i)|a|i|b|

1
2
∑
α∈Ẑ2
α(a+ b)

xbg
=
∑
b∈Z2
σa,gσb,g(−i)|a|i|b|δa,bxbg
= (−1)|a|i|a|+|a|xag = σ2a,ai|a+a|xag = xag ,
where we have used (1.15).
Also, it is easy to see from (1.13) that the basis {vαg | g ∈ Zm−12 , α ∈ Ẑ2} is a
homogeneous basis for the Cartan grading because when m = 3 we have that:
(1.19)
v10 = e1/
√
2, vω0 = e2/
√
2, v1a2 = u1/
√
2, vωa2 = v1/
√
2,
v1a3 = u2/
√
2, vωa3 = v2/
√
2, v1a2+a3 = −u3/
√
2, vωa2+a3 = −v3/
√
2,
where Ẑ2 = 〈ω〉.
Furthermore, we claim that
(1.20) xhgv
α
k = (αω
|k|σk)(h)σ(g,h),(k,h)i
|h|vαω
|g|
g+k ∈ Fvαω
|g|
g+k
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for each g, k ∈ Zm−12 , h ∈ Z2, α ∈ Ẑ2, where Ẑ2 = 〈ω〉. Indeed, we can first check
that:
xhgv
α
k = x
h
g
√
2
4
∑
a∈Z2
α(a)σa,ki
|a|xak =
√
2
4
∑
a∈Z2
α(a)σa,kσ(g,h),(k,a)i
|a|xh+ag+k
=
√
2
4
∑
a∈Z2
α(a+ h)σa+h,kσ(g,h),(k,a+h)i
|a+h|xag+k
= α(h)σ(g,h),(k,h)i
|h|
√
2
4
∑
a∈Z2
(
ασ(g,h)σh
)
(a)·
·
[
σk,a+h(−1)|a+h||k|
][
σa,g+kσg+k,a(−1)|a||g+k|
]
i|a|xag+k
= α(h)σ(g,h),(k,h)σk,hi
|h|
√
2
4
∑
a∈Z2
(
ασ(g,h)σg+kσhσk
)
(a)·
· σa,g+kω|g+k|(a)ω|k|(a+ h)i|a|xag+k
= (αω|k|σk)(h)σ(g,h),(k,h)i
|h|v
ασ(g,h)σg+kσhσkω
|g+k|+|k|
g+k
where we have used (1.15), (1.16) and the property (−1)|a| = ω(a) for a ∈ Z2. If
we denote ψ := ασ(g,h)σg+kσhσkω
|g+k|+|k|, we need to prove that ψ = αω|g|. The
second column of σ in (1.11) shows that σ(g,h)(a) = (σgσh)(a) for a ∈ Z2 = 〈a1〉,
so that ψ = ασgσg+kσkω
|g+k|+|k|. It is clear that (1.20) follows from the equalities
above in the case g = 0, so we can assume from now on that g 6= 0. If k ∈ {0, g},
then σgσg+kσk = 1 and ω
|g+k|+|k| = ω = ω|g|; on the other hand, if k /∈ {0, g}, we
have that ω|g+k|+|k| = ω2 = 1 and ψ = ασa2σa3σa2+a3 = αω; in all cases (1.20)
holds, which proves the claim.
Remark 1.8. In further sections we will see that, on the Kantor pairs of Hurwitz
type, the pairs (vαg , v
ωα
g ) are homogeneous idempotents for a grading that is related
to the Cartan grading on the associated Kantor-Lie algebra. Furthermore, we will
use the fact that (1.20) describes certain automorphisms of the associated Kantor
triple systems that permute the subspaces Fvαg .
1.5. Kantor systems of Hurwitz type. It may be convenient to introduce the
following terminology:
Definition 1.9. Kantor pairs and triple systems associated to a Hurwitz algebra
C will be referred to as Hurwitz pairs and Hurwitz triples, and denoted by VC and
TC , respectively; the term Hurwitz (Kantor) system will be used to refer to any
of them. For each possible case for dimC = 1, 2, 4, 8, the corresponding Hurwitz
systems will be called Hurwitz systems of types unarion, binarion, quaternion and
octonion, respectively.
Remark 1.10. A straightforward calculation shows that the U -operator for a Kantor
system associated to a Hurwitz algebra C is given by
(1.21) Ux(y) := {x, y, x} = 2n(x, y)x− 3n(x)y
for any x, y ∈ C.
Proposition 1.11. Let C be a Hurwitz algebra of dimension greater than 1. Then,
the main grading on the Kantor-Lie algebra K(C) := K(VC) produces a Jordan pair
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given by
(
K(C)2,K(C)−2
)
that is isomorphic to a simple Jordan pair of type IVk
with k = dim S(C).
Proof. Denote V =
(
K(C)2,K(C)−2
)
and S = S(C). Let Wk = (F
k,Fk) denote the
simple Jordan pair of type IVk (see [L75, Chapter 4]); recall that the triple product
of Wk is determined by Qx(y) :=
1
2{x, y, x} = q(x, y)x − q(x)y, where q is the
quadratic form associated to the standard scalar product of Fk. By restriction of
the main grading on K(C), it is clear that V generates a Kantor-Lie algebra whose
main grading is a 3-grading, which forces V to be a Jordan pair.
By definition of the Kantor construction, we have that Vσ = {ισ(Lx) | x ∈ S}
for σ = ±, where ισ : Vσ → K(C)σ2 ⊆ K(C) are the inclusions given by
(1.22) ι+(f) :=
(
0 0
f 0
)
, ι−(f) :=
(
0 f
0 0
)
.
A straightforward computation shows that
{ισ(Lx), ι−σ(Ly), ισ(Lz)} =
[
[ισ(Lx), ι
−σ(Ly)], ισ(Lz)
]
= ισ(LxLyLz + LzLyLx).
By the left Moufang identity ([ZSSS82, Chapter 2]) we know that LxLyLx = Lxyx.
Since x¯ = −x, from the identities a¯b+ b¯a = n(a, b), (ab)b = ab2 and a¯a = n(a), we
get that xyx = −(x¯y)x = −n(x, y)x+ y(x¯x) = n(x)y − n(x, y)x. Thus
1
2
{ισ(Lx), ι−σ(Ly), ισ(Lx)} = ισ(LxLyLx) = ισ(Lxyx) = ισ(Ln(x)y−n(x,y)x).
Let i be a square root of −1 in F. Then the map
W
σ
k ≡ S −→ Vσ, x 7−→ iισ(Lx)
defines an isomorphism, where the quadratic form on S is just n
∣∣
S
. 
1.6. Peirce and root space decompositions. In this section, we will give a re-
sult that, under certain restrictions, gives a relation between a Peirce decomposition
on a Kantor pair and the root system of the associated Kantor-Lie algebra.
Definition 1.12. An element e = (e+, e−) ∈ V = (V+,V−) is called an idempotent
of the Kantor pair V if {eσ, e−σ, eσ} = eσ for each σ ∈ {+,−}. Define the linear
operators Lσ(e), Rσ(e) ∈ End(Vσ) as Lσ(e)xσ := {eσ, e−σ, xσ} and Rσ(e)xσ :=
{xσ, e−σ, eσ} for xσ ∈ Vσ and σ ∈ {+,−}.
Similarly, an element e of a Kantor triple system T is called a tripotent if
{e, e, e} = e, and we define the operators L(e), R(e) ∈ End(T) as L(e)x := {e, e, x}
and R(e)x := {x, e, e} for x ∈ T.
It is well-known [KK03] that, if char F 6= 2, 3, 5, a tripotent e of a Kantor triple
system T produces a Peirce decomposition given by
(1.23) T = T0,0 ⊕ T 1
2 ,
1
2
⊕ T1,1 ⊕ T 3
2 ,
3
2
⊕ T− 12 ,0 ⊕ T0,1 ⊕ T 12 ,2 ⊕ T1,3
where
(1.24) Tλ,µ = Tλ,µ(e) := {x ∈ T | L(e)x = λx,R(e)x = µx}.
For the Peirce subspace Tλ,µ, the scalars λ and µ are called its associated Peirce
constants. Peirce decompositions are important in theory of Jordan pairs and Jor-
dan triple systems (see for instance [MC03]), and have also been studied in the case
of structurable algebras, but it is unknown to the authors if these have appeared
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in the literature in the context non-Jordan Kantor pairs. Note that in the case of
Kantor pairs, the Peirce subspaces associated to an idempotent can be defined by:
(1.25) Vσλ,µ = V
σ
λ,µ(e) := {x ∈ Vσ | Lσ(e)x = λx,Rσ(e)x = µx}.
Note that it is unknown if an idempotent of a Kantor pair will always produce a
Peirce decomposition under our general assumptions on char F.
Definition 1.13. Let L be a semisimple Lie algebra over an algebraically closed
field F of characteristic 0, with Killing form κ. Let H be a fixed Cartan subalgebra
of L. We have the well-known root space decomposition:
L = H ⊕
⊕
α∈Φ
Lα,
where Lα = {x ∈ L | [h, x] = α(h)x for all h ∈ H}. The elements in Φ ⊆ H∗ \ {0}
are called roots and Φ = Φ+ ∪Φ− where Φ+ (resp. Φ−) is the set of positive (resp.
negative) roots. Let ∆ be a system of simple roots, which generates Φ. (See [EK13,
§3]).
Let ∆ = {α1, ..., αn} for n ∈ N. We can consider a map ω : ∆ → Z. Since ∆
generates Φ, we get a linear operator ω : Φ→ Z. By defining Li := ⊕ω(α)=iLα for
α ∈ Φ we get a Z-grading on L, L = ⊕iLi. It is clear that this decomposition is a
grading since [Lα, Lβ] ⊆ Lα+β for all α, β ∈ Φ.
In particular, we can choose an ω : Φ → Z such that ω(∆) ⊆ {0, 1} and that
for all α ∈ Φ+ we get ω(α) ≤ 2, analogously for α ∈ Φ−; then we get a 5-grading.
Recall from the Kantor construction that V = (L1, L−1) defines a Kantor pair.
For any α ∈ H∗, let tα ∈ H be such that α(h) = κ(tα, h) for all h ∈ H . Since
the restriction of κ to H is nondegenerate, it induces a nondegenerate symmetric
bilinear form ( | ) : H∗ ×H∗ → F given by (α | β) = κ(tα, tβ).
Remark 1.14. Consider L, H , H∗ and Φ as above. We claim that for each α ∈
Φ, the Kantor pair defined by (Lα, L−α) is isomorphic to VF (the 1-dimensional
simple Kantor pair), or equivalently, the Kantor pair (Lα, L−α) is spanned by an
idempotent e = (eα, e−α).
Indeed, it is well-known that each pair of roots {α,−α} generates a Lie alge-
bra isomorphic to sl2(F); hence there exist x±α ∈ L±α such that [xα, x−α] = hα,
[hα, xα] = 2xα and [hα, x−α] = −2x−α (see [EK13, §3] and references therein).
Therefore, it is straightforward to see that (xα,
1
2
x−α) is an idempotent of (Lα, L−α).
(Note that this also follows from the fact that sl2(F) is the Kantor-Lie algebra as-
sociated to the 1-dimensional Kantor pair (F,F).)
More in general, given an idempotent e = (eα, e−α) of (Lα, L−α), it is easy to
see that any idempotent of (Lα, L−α) has the form (λeα, λ−1e−α) for λ ∈ F×. Any
of these idempotents will be called an idempotent associated to the root α. Note
that given an idempotent e of (Lα, L−α), the Peirce operators Lσ(e) and Rσ(e) do
not depend on the choice of the idempotent, and this remains true for any Kantor
pair containing (Lα, L−α).
Next result shows a relation between roots and left Peirce constants on Kantor
pairs.
Proposition 1.15. Let L be a semisimple Lie algebra over an algebraically closed
field F of characteristic 0. Let H be a Cartan subalgebra of L and Φ a set of
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roots. Let V be a nonzero Kantor pair associated to a Z-grading compatible with the
Cartan grading on L, that is, V = (L1, L−1) for some Z-grading that is a coarsening
of the Cartan grading. Let eα := (eα, e−α) be an idempotent of V associated to
some α ∈ Φ. Then, for any β ∈ Φ such that L±β ⊆ V±, the idempotent eα acts
multiplicatively on L±β with left Peirce constant λ =
(α | β)
(α | α) =
‖β‖
‖α‖ cos(α, β).
Proof. Since eα is an idempotent and [x, y] = κ(x, y)tα for x ∈ Lα and y ∈ L−α
([H78, §8.3]), we have eα = {eα, e−α, eα} = [[eα, e−α], eα] = κ(eα, e−α)[tα, eα] =
κ(eα, e−α)α(tα)eα = κ(eα, e−α)(α | α)eα. Then 1 = κ(eα, e−α)(α | α).
Let β ∈ Φ and xβ ∈ Lβ such that xβ ∈ Vσ for some σ = ±. Then
{eα, e−α, xβ} = [[eα, e−α], xβ ] = κ(eα, e−α)[tα, xβ ] = β(tα)
(α | α)xβ =
(α | β)
(α | α)xβ ,
with
(α | β)
(α | α) =
‖α‖ ‖β‖ cos(α, β)
‖α‖2 =
‖β‖
‖α‖ cos(α, β). Similarly, for x−β ∈ L−β, we
have that
{e−α, eα, x−β} = (−α | −β)
(−α | −α)x−β =
(α | β)
(α | α)x−β .

2. Generalities on Kantor systems
2.1. On gradings and automorphisms. We now prove some general results on
Kantor systems. Some of these are generalizations of analogous results for Jordan
systems given in [Ara17, §2].
Proposition 2.1. Let A be a structurable F-algebra with unity 1 and denote by T
and V the associated Kantor triple system and Kantor pair, respectively. Then the
automorphism group scheme Aut(A,−) is the stabilizer of 1 in Aut(T).
In addition, suppose that either char F 6= 3, or that A is the algebra generated
by H(A,−) ∪ S(A,−)2. Then Aut(A,−) is the stabilizer of (1+, 1−) in Aut(V).
Proof. Let R denote a commutative associative unital F-algebra and consider the
R-algebra AR = A ⊗ R with the extended R-linear involution. It is clear that
AutR(AR,
−) ≤ AutR(TR) ≤ AutR(VR). Denote H = H(AR,−) and S = S(AR,−).
First, we claim that the involution and product of AR are determined by 1
σ
(σ = ±) and the triple product. On the one hand, we can recover the involution
using that x¯ = 2x−{x, 1, 1}, which determines the subspaces H and S. Let h ∈ H
and z ∈ AR; then, hz = {h, 1, z} and zh = hz¯. Now, take s, t ∈ S; we have
st = −{t, s, 1}. Therefore, the product is recovered too, which proves the claim.
Let ϕ = (ϕ+, ϕ−) ∈ AutR(VR) with ϕσ(1σ) = 1σ for σ = ±. Notice that the
involution of AR commutes with ϕ
σ because
ϕσ(x¯) = ϕσ(2x− {x, 1, 1}) = 2ϕσ(x)− {ϕσ(x), 1, 1} = ϕσ(x),
and therefore the subspacesH and S are ϕσ-invariant. Note that U1 has eigenspaces
H and S with associated eigenvalues 1 and −3, respectively. Take h ∈ H; then
ϕσ(h) ∈ H and ϕ+(h) = ϕ+(U1(h)) = U1(ϕ−(h)) = ϕ−(h), from where it follows
that the maps ϕ+ and ϕ− coincide in H.
Fix s ∈ S. In the case that char F 6= 3 we have that ϕ+(s) = ϕ+(− 13U1(s)) =
− 13U1(ϕ−(s)) = ϕ−(s), thus ϕ+ and ϕ− coincide in S too, and therefore ϕ+ = ϕ−.
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Now, consider the case where A is the F-algebra generated byH(A,−)∪S(A,−)2.
Then AR is the R-algebra generated by H ∪ S2. Since we have that {t, s, 1} = −st
for each s, t ∈ S, it follows that
ϕσ(st) = ϕσ(−{t, s, 1}) = −{ϕσ(t), ϕ−σ(s), 1} = ϕ−σ(s)ϕσ(t)
and
ϕσ(st) = ϕσ(ts) = ϕσ(ts) = ϕ−σ(t)ϕσ(s) = ϕσ(s)ϕ−σ(t).
In consequence, ϕ+(st) = ϕ+(s)ϕ−(t) = ϕ−(st), that is, ϕ+ and ϕ− coincide in S2.
Let x1, x2, x3 ∈ AR be such that ϕ+(xi) = ϕ−(xi) and set z = {x1, x2, x3}. Then
ϕ+(z) = ϕ−(z). Indeed, ϕ+(z) = ϕ+({x1, x2, x3}) = {ϕ+(x1), ϕ−(x2), ϕ+(x3)} =
{ϕ−(x1), ϕ+(x2), ϕ−(x3)} = ϕ−({x1, x2, x3}) = ϕ−(z). Since the product of AR
can be recovered from the triple product and the unity, an inductive argument
shows that ϕ+ and ϕ− coincide in the algebra generated by H ∪ S2, which is AR.
Thus we get again ϕ+ = ϕ−.
We need to prove that ϕ := ϕ+ ∈ AutR(AR,−). If h ∈ H and z ∈ AR, we
have ϕ(h) ∈ H and hz = {h, 1, z}, and so ϕ(hz) = ϕ({h, 1, z}) = {ϕ(h), 1, ϕ(z)} =
ϕ(h)ϕ(z). If s, t ∈ S, we have that st = −{t, s, 1} and again it follows easily that
ϕ(st) = ϕ(s)ϕ(t). Therefore ϕ ∈ AutR(AR,−). This proves the second statement
of the result. The first statement can be proven with similar arguments. 
The following example shows that the conditions in Proposition 2.1 cannot be
dropped:
Example 2.2. Let F be a field of characteristic 3 and consider the 2-dimensional
split Hurwitz algebra K = F × F with involution (x, y) 7→ (y, x). (Note that the
subalgebra generated by H(K,−) ∪ S(K,−)2 is F1, which does not equal K.) The
element s = (1,−1) ∈ K is skew-symmetric and satisfies s2 = 1. Let V = (K,K)
denote the Kantor pair associated to K and fix λ ∈ F×. We claim that the maps
(2.1)
ϕσ : K −→ K,
1 7−→ 1, s 7−→ λσ1s,
for σ ∈ {+,−}, define an automorphism ϕ of V. Indeed, this is straightforward
because the triple product of K is determined by
{1, 1, 1} = −{s, s, 1} = 1, {1, 1, s} = −{s, s, s} = s,
{1, s, 1} = {s, 1, 1} = {1, s, s} = {s, 1, s} = 0.
However ϕ+ 6= ϕ− and ϕσ /∈ Aut(K) unless λ ∈ {±1}.
Proposition 2.3. Let Γ be a fine grading on a Kantor pair V and let G be its
universal group. Then, there is a group homomorphism pi : G→ Z such that pi(g) =
σ1 if Vσg 6= 0 for some σ ∈ {+,−}. In particular, Supp Γ+ and Supp Γ− are
disjoint.
Proof. This follows from the same arguments of the proof for the particular case of
Jordan pairs, given in [Ara17, Prop. 2.2]. 
Proposition 2.4. Let A be a structurable F-algebra with unity 1, and G an abelian
group. In case that char F = 3, assume also that Z(A) ∩ S(A,−) = 0 and that A
is generated as an algebra by H(A,−) ∪ S(A,−)2. Consider the associated Kantor
pair V = (A,A).
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If Γ is a G-grading on V such that 1+ (or 1−) is homogeneous, then the restriction
of the shift Γ[g] to A = V+, with g = − deg(1+), defines a G-grading ΓA on A.
Moreover, if G = U(Γ) then the universal group U(ΓA) is isomorphic to the subgroup
of U(Γ) generated by Supp Γ[g]; if in addition Γ is fine we also have that U(Γ) ∼=
U(ΓA)×Z, and the universal degree of Γ is equivalent to degΓ(xσ) := (degA(x), σ1)
where degA is the universal degree of ΓA.
Proof. Denote H := H(A,−) and S := S(A,−). Let Γ be a G-grading on V where
1+ is homogeneous. We claim that 1− is homogeneous.
First, consider the case where char F 6= 3. Then U+1 (h−) = h+ and U+1 (s−) =
−3s+ for h ∈ H, s ∈ S. Since the homogeneous map U+1 is invertible, there exists
a homogeneous element y− ∈ A− such that U+1 (y−) = 1+, and since this is only
possible for y− = 1−, we get that 1− is homogeneous, which proves the claim in
this case.
Consider now the case with char F = 3. Note that V1,s(x) = [x, s] for any
x ∈ A, s ∈ S; since Z(A) ∩ S(A,−) = 0, it follows that V1,s = 0 if and only
if s = 0; in other words, the linear map S → End(V+), s 7→ V1,s is injective.
The subspaces imU+1 = H
+ and kerU+1 = S
− are graded. Since 1+ ∈ imU+1 ,
there exists a homogeneous element y− such that U+1 (y
−) = 1+, and we have that
deg(1+)+deg(y−) = 0. It is clear that y−−1− ∈ kerU+1 = S−, so that y− = 1−+s−
for some s ∈ S. If V1,s = 0, then s = 0 and 1− is homogeneous. Assume now that
V1,s 6= 0. Then 0 6= V1,s = V1,y − V1,1 = V1,y − id is a homogeneous map of degree
0. Since S− is graded, we can write s =
∑
i si where s
−
i are homogeneous and have
different degrees in S−. Consequently, we have that V1,s =
∑
i V1,si with V1,si 6= 0
for each i, and since V1,s has degree 0, it follows that s = si for some i, that is,
s is homogeneous in V−. Moreover, deg(s−) = − deg(1+) = deg(y−), and 1− is
homogeneous.
We have proven that 1− is homogeneous in any case. If degg is the degree map of
the grading Γ[g] on V, we have that degg(1
+) = 0 = degg(1
−) because U+1 (1
−) = 1+.
By Proposition 2.1, the stabilizer of (1+, 1−) in Aut(V) is Aut(A,−). Note that
the “automorphisms” in Aut(V) producing the grading must be in the stabilizer
of (1+, 1−), which is Aut(A,−). Therefore, using the correspondence between
gradings and morphisms of affine group schemes, it follows that the grading Γ[g] on
V is produced by a morphism HomAlg
F
(FG,−)→ Aut(A,−), which also defines a
grading ΓA on A. It also follows that the homogeneous components of Γ
[g] coincide
in V+ and V−.
Assume now that G = U(Γ) and call H = 〈Supp Γ[g]〉. Note that Γ[g] can
be regarded as a U(Γ)-grading and also as an H-grading; similarly ΓA can be
regarded as a U(ΓA)-grading and as an H-grading. By the universal property of
the universal group, the H-grading ΓA is induced from the U(ΓA)-grading ΓA by
an homomorphism ϕ1 : U(ΓA) → H that restricts to the identity in the support.
On the other hand, the U(ΓA)-grading ΓA induces a U(ΓA)-grading (ΓA,ΓA) on
V that is a coarsening of Γ, and therefore (ΓA,ΓA) is induced from Γ by some
epimorphism ϕ : U(Γ) → U(ΓA). Let ϕ2 : H → U(ΓA) be the restriction of ϕ to
H . Note that g ∈ kerϕ, which implies that the U(ΓA)-grading (ΓA,ΓA) is induced
from the H-grading Γ[g] by ϕ2, and also that ϕ2 is an epimorphism which is the
identity in the support. Since each epimorphism ϕi is the identity in the support,
both compositions ϕ1ϕ2 and ϕ2ϕ1 must be the identity and therefore U(ΓA) ∼= H .
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Suppose now that Γ is fine and denote by ΓH the grading Γ
[g] regarded as an
H-grading. Note that U(Γ) = 〈Supp Γ[g], g〉 = 〈Supp ΓH , g〉 = 〈H, g〉. Consider H
as a subgroup of H × Z ∼= H × 〈g0〉, where the element g0 has infinite order. The
H-grading ΓH can be regarded as an H×〈g0〉-grading, and the shift (ΓH)[g0] defines
another H ×〈g0〉-grading where deg(1+) = g0. Since the H ×〈g0〉-grading (ΓH)[g0]
is a coarsening of the U(Γ)-grading Γ (because Γ is fine and by Proposition 2.3),
by the universal property there is an epimorphism U(Γ) = 〈H, g〉 → H × 〈g0〉 that
sends −g 7→ g0 and fixes the elements of H . Consequently, H ∩ 〈g〉 = 0, 〈g〉 ∼= Z,
and we can conclude that U(Γ) = 〈H, g〉 ∼= H × Z ∼= U(ΓA) × Z. The statement
about the universal degree follows too. 
Proposition 2.5. Let A be a structurable F-algebra with unity 1, and T its associ-
ated Kantor triple system. If Γ is a G-grading on T such that 1 is homogeneous, then
the shift Γ[g] with g = deg(1) induces a G-grading ΓA on A. Moreover, if G = U(Γ)
then deg(1) has order 2 and U(ΓA) is isomorphic to the subgroup of U(Γ) generated
by Supp Γ[g]; and if in addition Γ is fine we also have that U(Γ) ∼= U(ΓA) × Z2,
and the universal degree of Γ is equivalent to degΓ(x) := (degA(x), 1¯) where degA
is the universal degree of ΓA.
Proof. Let Γ be a G-grading on T such that 1 is homogeneous. Then ΓV := (Γ,Γ) is
a G-grading on the Kantor pair V := VA such that 1
+ and 1− are homogeneous. By
Proposition 2.1, and using the same argument from the proof of Proposition 2.4, it
follows that the restriction of the shift Γ
[g]
V
to A = V+, with g = − deg(1+), defines
a G-grading ΓA on A. Since U1(1) = 1, we get that 2g = 0, so that Γ
[g] defines a
grading on T, and also Γ
[g]
V
= (Γ[g],Γ[g]). Thus Γ[g] defines the same G-grading ΓA
on A, which proves the first claim.
Assume now that we also have G = U(Γ). We have shown above that 2 deg(1) =
0. The Z2-grading ΓZ2 given by T = T1¯ is a coarsening of Γ, which implies by
the universal property that ϕ : G→ Z2 is a group epimorphism and ΓZ2 is induced
by ϕ from Γ. Consequently, deg(1) has order 2. Set H = 〈Supp Γ[g]〉. The rest
of the proof follows with the same arguments from the last part of the proof of
Proposition 2.4, but using T instead of VA. 
3. Automorphisms and orbits
In this section, the automorphism groups and their orbits are studied for Kantor
systems of Hurwitz type.
Notation 3.1. Let VC and TC be the Kantor pair and Kantor triple system,
respectively, associated to a Hurwitz algebra C. For any λ ∈ F×, consider the pair
of maps cλ := (c
+
λ , c
−
λ ) defined by
(3.1) c+λ (x) := λx, c
−
λ (y) := λ
−1y,
for any x ∈ V+C , y ∈ V−C . It is easy to see that cλ is an automorphism of VC . Note
that the 1-torus 〈cλ | λ ∈ F×〉 produces the Z-grading that is associated to the
Kantor construction. Also, it is clear that cλ is an automorphism of TC if and only
if λ = ±1.
We will denote by La and Ra, respectively, the left and right multiplications by
a ∈ C. We will also consider the triple system T′C := C with the triple product
given by {x, y, z}′ := (xy¯)z.
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Remark 3.2. Let V be a finite-dimensional vector space and q : V → F a nondegen-
erate quadratic form, and denote by O′(V, q) the reduced orthogonal group. Recall
from [J89, 4.8]) that O′(V, q) E O+(V, q) and O+(V, q)/O′(V, q) ∼= F×/(F×)2, where
(F×)2 is the multiplicative group of squares of F×. Since we assume that the base
field is algebraically closed, we have that O′(V, q) = O+(V, q).
On the other hand, recall from [Eld00, Section 1] that if C is a Cayley algebra
with norm n, then O′(C, n) = 〈La | a ∈ C, n(a) = 1〉 = 〈Ra | a ∈ C, n(a) = 1〉.
Lemma 3.3. Let C be a Hurwitz algebra and x ∈ C a traceless element with
n(x) = 1. Then Lx ∈ Aut(TC) ∩ Aut(T′C).
Proof. Recall from [Eld96, Section 3] that if C is a Cayley algebra, we have that
(3.2) ((xa)(xb))(xc) = n(x)x((ab¯)c)
for all x, a, b, c ∈ C where x is traceless. Since any Hurwitz algebra is contained in
a Cayley algebra, (3.2) holds for any Hurwitz algebra, and consequently it is easy
to see that Lx behaves well with the triple products of TC and T
′
C . (Note that
L−1x = Lx¯ = −Lx.) 
Theorem 3.4. Let C be a Hurwitz algebra, TC its associated Kantor triple system,
and T′C the triple system defined in 3.1. Then Aut(TC) = Aut(T
′
C) ≤ O(C, n).
Proof. The result follows in the case that dimC = 1 or 2, because the triple prod-
ucts of TC and T
′
C coincide. Assume from now on that dimC = 4 or 8. Denote
T = TC and T
′ = T′C . For any unital associative commutative algebra R, we will
consider TR := T⊗R and T′R := T′⊗R, with their R-linear triple products, and the
R-algebra CR := C⊗R. It is clear that AutR(T′R) ≤ AutR(TR). Let f ∈ AutR(TR);
we need to prove that f ∈ AutR(T′R). Set a = f(1).
Note that {x, x, x} = n(x)x for any x ∈ TR. Hence, f({x, x, x}) = n(x)f(x)
and f({x, x, x}) = {f(x), f(x), f(x)} = n(f(x))f(x), so that n(f(x)) = n(x) and
f ∈ O(CR, n). In particular, n(a) = 1.
If we had a = 1, by Proposition 2.1 we would have that f ∈ AutR(CR) ≤
AutR(T
′
R) and the result holds. Assume from now on that a 6= 1. If t(a) = 0, then
by Lemma 3.3 we have that L−a ∈ AutR(TR) ∩ AutR(T′R); but we also have that
(L−a ◦ f)(1) = 1, so that by Proposition 2.1 we deduce that L−a ◦ f ∈ AutR(CR) ≤
AutR(T
′
R) and f ∈ AutR(T′R). Finally, consider the case where t(a) 6= 0. Since
dimC = 4 or 8, there exists b ∈ C with n(b) = 1, t(b) = 0 and such that Lb(a) = ba
is traceless (it suffices to consider a 2-dimensional Hurwitz subalgebra A containing
1 and a, and then take b as an element with n(b) = 1 in the subspace orthogonal
to A), and it is clear that Lb ∈ AutR(TR) ∩ AutR(T′R); therefore, if we replace f
by Lb ◦ f , we can assume again that t(a) = 0 and the result holds by the previous
case. 
Corollary 3.5. Let C be a Hurwitz algebra with norm n.
1) If dimC = 1, then Aut(TC) = O(C, n) ∼= Z2.
2) If dimC = 2, then Aut(TC) = O(C, n) ∼= F× ⋊ Z2.
3) If dimC = 4, then Aut(TC) ∼= O+(C, n).
4) If dimC = 8, then Aut(TC) ∼= Spin(S, n), where S is the skew-symmetric sub-
space of C.
FINE GRADINGS ON KANTOR SYSTEMS OF HURWITZ TYPE 19
Proof. Cases 1), 2) and 3) are consequence of [Eld96, Corollary 6], where they were
proven for the triple system T′C . Note that in case 2), the torus F
× corresponds to
the automorphisms acting on the Cartan basis via
(3.3) fλ(e1) = λe1, fλ(e2) = λ
−1e2.
for λ ∈ F×, and the group Z2 corresponds to the swapping automorphism e1 ↔ e2.
Finally, recall from [Eld96, Theorem 10] that we have an isomorphism Aut(T′C) ∼=
Spin(W, q), where W is the set of traceless elements of C with the quadratic form
q = −n. It is clear that W = S. Finally, note that if i is a square root of
−1 in F, then the map S → S, s 7→ i s extends to an isomorphism Spin(S, q) →
Spin(S, n). 
Corollary 3.6. Let C be a Cayley algebra. Then,
Aut(TC) = 〈La | a ∈ C, n(a) = 1, t(a) = 0〉.
Proof. Set G = 〈La | a ∈ C, n(a) = 1, t(a) = 0〉. By Lemma 3.3, we have that
G ≤ Aut(TC). It is well-known that Aut(C,−) = Aut(C). By [Eld96, Corollary 8] it
follows that Aut(C) ≤ G. Let ϕ ∈ Aut(TC) and set z = ϕ(1). Then, by the Cayley-
Dickson doubling process, it follows that there exists s ∈ C such that n(s) = 1,
t(s) = 0 and t(sz) = 0. Then Ls ∈ Aut(TC). Since Aut(TC) ≤ O(C, n), we have
that n(sz) = n(Lsϕ(1)) = 1, so that Lsz ∈ Aut(TC). Besides, LszLsϕ(1) = 1. By
Proposition 2.1, we get that LszLsϕ ∈ Aut(C) ≤ G, which implies that ϕ ∈ G.
This proves that Aut(TC) ≤ G, and the result follows. 
Corollary 3.7. Let C be a Hurwitz algebra. Then, gradings and equivalence classes
of fine gradings are the same on TC and on T
′
C.
Remark 3.8. It is well known that if char F 6= 3, conjugate inverses of elements of
simple structurable algebras are unique if they exist. Assume now that char F = 3
and let C be a Hurwitz F-algebra.
Consider first the case where C is the 2-dimensional Hurwitz algebra K. Then,
for any skew element s, we have that V1,s = 0, but also V1,1 = id, so that V1,1+s = id.
Therefore, the conjugate inverse of 1 is not unique in this case.
Now consider the case dimC > 2. Let y be a conjugate inverse of 1, that is
V1,y = id. Set y = λ1 + s with λ ∈ F and s ∈ S(C,−). Then 1 = V1,y(1) =
V1,λ1(1) + V1,s(1) = λ1 + 0 = λ1, from where it follows that λ = 1. Thus id =
V1,y = V1,1+V1,s = id+V1,s and V1,s = 0; but we also have that V1,s(x) = [x, s] for
each x ∈ C. Hence, [x, s] = 0 for all x ∈ C, that is, s ∈ Z(C)∩ S(C,−) = 0, so that
s = 0. This proves that 1 is the only conjugate inverse of 1 in this case.
We will now classify the orbits of Kantor pairs and triple systems associated to
a Hurwitz algebra.
Notation 3.9. Let C be a Hurwitz algebra and λ ∈ F×. Let n denote the (qua-
dratic) norm of C as a Hurwitz algebra. (Note that in the 1-dimensional case, the
norm as structurable algebra is linear, and so does not coincide with n.)
• If dimC > 1, where we assume that either dimC 6= 2 or char F 6= 3, we define:
O0 := {0}, O1 := {0 6= x ∈ C | n(x) = 0},
O2 := {x ∈ C | n(x) 6= 0}, O2(λ) := {x ∈ C | n(x) = λ}.
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• In the case dimC = 1, we define:
O0 := {0}, O1 := {x ∈ C | x 6= 0}, O1(λ) := {x ∈ C | n(x) = λ}.
In any case, we will say that an element x of C has rank i if x ∈ Oi.
Proposition 3.10. Let VC be the Kantor pair associated to a Hurwitz algebra C,
and consider the orbits of the action of Aut(VC) on V
+
C (or V
−
C). Then:
1) If dimC = 1, then the orbits are O0 and O1.
2) If dimC > 1, with either dimC 6= 2 or char F 6= 3, then the orbits are O0, O1
and O2.
Furthermore, conjugate inverses are unique and only exist for elements in the orbit
of nonzero norm.
Proof. We will only consider the subspace V+C = C (for V
−
C the proof is analogous).
It is clear that O0 is always an orbit. It is easy to see that Aut(VF) = 〈cλ | λ ∈ F×〉,
from where the classification follows in the case dimC = 1. Consider from now on
the case dimC > 1.
We claim that there are at least 2 nontrivial orbits. If char F 6= 3, for e1 in
a Cartan basis of C, it is easy to see that imUe1 = Fe1, imU1 = C, which have
different dimensions, hence the claim follows. Now consider the case char F =
3. Since V1,1 = id and V1,s = 0 for each skew element s ∈ S, it is clear that
{1, C, ·} = F id, and this subspace consists of invertible maps and the zero map.
On the other hand, the map {e1, e2, ·} is neither zero nor invertible. Consequently,
1 and e1 cannot be in the same orbit, and again, it follows that there are at least
2 nontrivial orbits.
Assume now that dimC = 2. Then, for each λ ∈ F×, we have an automorphism
fλ of TC as in (3.3). Recall that cλ is an automorphism of VC . Also, since C
is commutative, the involution defines a swapping automorphism e1 ↔ e2 on C.
These automorphisms of VC show that any nonzero element of C is either in the
orbit of e1 or in the orbit of 1. The fact that there are at least 2 nontrivial orbits
proves the result in this case. We can assume from now on that dimC > 2.
Take 0 6= x ∈ C such that n(x) = 0. We claim that x is in the orbit of the
element e1 for some Cartan basis of C.
Assume that λ := n(x, 1) 6= 0. By applying the automorphism cλ−1 , we can
assume n(x, 1) = 1. Then e1 := x and e2 := e1 = 1 − e1 are isotropic orthogonal
idempotents, and we can use the construction given in [Eld98] (or in [EK13, Chapter
4]) to complete them to a Cartan basis with multiplication table as in Figure 1.
This proves the claim in this case.
Now suppose n(x, 1) = 0. Then x2 = 0 because n(x) = 0 = t(x). Since the norm
is nondegenerate, there exists y ∈ C such that n(x, y) = 1. Thus n(1, xy) = 1, and
the elements e1 := xy and e2 := e1 = 1 − e1 are isotropic idempotents. Again,
we can complete {e1, e2} to a Cartan basis. Notice that n(x, e1) = n(x, xy) =
n(x2, y) = 0, because x2 = 0, and n(x, e2) = n(x, 1 − e1) = n(x, 1) − n(x, e1) = 0.
Hence x ∈ (Fe1 + Fe2)⊥. Furthermore, xe1 = x(xy) = (xx)y = n(x)y = 0 and
0 = xe1 = e1 x = e2(−x), so xe1 = 0 = e2x. We have xe2 = x(1 − e1) = x and
similarly e1x = x, so that xe2 = x = e1x. We have that x ∈ U := e1Ce2, and
(Fe1 + Fe2)
⊥ = U ⊕ V where V := e2Ce1. One more time, using the construction
in [Eld98], we can assume that x = u1 in a Cartan basis. With the relation in
(1.19), equation (1.20) shows that there is an automorphism of the form Lz, for
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some traceless element z ∈ C of norm 1, such that Lz(x) ∈ Fe1. Then, we can take
λ ∈ F× such that cλLz(x) = e1. We have proven the claim for the orbit of rank 1
in all cases.
Fix x ∈ O2, that is, n(x) 6= 0. We now claim that x and 1 belong to the same
orbit.
Take λ ∈ F× such that λ2n(x) = 1; then n(c+λ (x)) = 1 and without loss of
generality we can assume that n(x) = 1. If n(x, 1) = 0, then Lx¯ ∈ Aut(VC) and
Lx¯(x) = x¯x = n(x)1 = 1, which proves the claim in this case. From now on,
assume that λ := n(x, 1) 6= 0. By the Cayley-Dickson doubling process applied
to the algebra generated by x, there exists a traceless element y ∈ (F1 + Fx)⊥
of norm 1. Then, the element z = Ly(x) = yx has norm 1, and is also traceless
because n(z, 1) = n(yx, 1) = n(x, y¯) = −n(x, y) = 0. Consequently, Ly and Lz¯ are
automorphisms and we have that Lz¯Ly(x) = 1, which proves the claim.
Since there are at least 2 nontrivial orbits in the case dimC > 2, the classification
follows for the remaining cases. The last statement follows from Remark 3.8 in the
case char F = 3, and was proven in [AF92] for the case char F 6= 3. 
Proposition 3.11. Let TC be the Kantor triple system associated to a Hurwitz
algebra C, and consider the orbits of the action of Aut(TC) on C. Then:
1) If dimC = 1, the orbits are O0 and O1(λ), with λ ∈ F×.
2) If dimC > 1, the orbits are O0, O1 and O2(λ), with λ ∈ F×.
Proof. The result in the case dimC = 1 follows easily from Corollary 3.5. The case
with dimC = 2 is easy to check using a Cartan basis {e1, e2} and the automorphism
group in Corollary 3.5 (which is generated by the automorphisms of the form fλ as
in (3.3), and the swapping automorphism e1 ↔ e2). We can assume from now on
that dimC > 2. Note that O0 is obviously an orbit in all cases.
Fix 0 6= x ∈ C such that n(x) = 0. We need to prove that x is in the orbit of
the element e1 in a Cartan basis of C.
First, consider the case with λ := n(x, 1) 6= 0. Then e1 := λ−1x is an isotropic
idempotent. As in Proposition 3.10, we can extend e1 to a Cartan basis, proving
the claim in this case.
Now consider the case where n(x, 1) = 0. With the same arguments used in the
proof of Proposition 3.10, we deduce that x = u1 and that there is an automorphism
f ∈ Aut(TC) such that f(x) ∈ Fe1, where e1 and u1 belong to some Cartan basis
of C. From the 2-torus producing the Cartan grading on C, it follows that for each
α ∈ F× there is some gα ∈ Aut(C) ≤ Aut(TC) such that gα(u1) = αu1. Therefore,
f(gα(x)) = αf(x) ∈ Fe1 for each α ∈ F×, which forces x and e1 to be in the same
orbit. We have proven the claim for all elements of rank 1.
Consider the last case, that is, x ∈ O2. Then µ := n(x) 6= 0, and since F is
algebraically closed, we can take λ ∈ F× such that n(x) = λ2. Then we can write
x = λy with n(y) = 1. With the same arguments used in the proof of Proposi-
tion 3.10, it follows that there is f ∈ Aut(TC) such that f(y) = 1. Consequently,
f(x) = λ1, so that x is in the orbit of λ1. It follows that the elements of O2(µ) are
in the same orbit.
Finally, by Theorem 3.4, we have that Aut(TC) ≤ O(C, n), which forces the
sets O1 and O2(λ), for λ ∈ F×, to be contained in different orbits, and the result
follows. 
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Now we will deal with the automorphisms and orbits of the most exceptional
case in our list:
Theorem 3.12. Let K be a 2-dimensional Hurwitz F-algebra, with char F = 3,
and VK its associated Kantor pair. Then there is a group isomorphism
Ψ: Aut(VK)→ GL(K) ∼= GL2(F), (ϕ+, ϕ−) 7→ ϕ+,
where ϕ− is the dual inverse of ϕ+ relative to the bilinear trace. Consequently,
there is only one nontrivial Aut(VK)-orbit on K
+ (or K−).
Proof. It is clear that Ψ is a homomorphism. Let ϕ ∈ Aut(VK). By (1.21) and
since char F = 3, we have that
2n(x, y)ϕ+(x) = ϕ+
(
U+x (y)
)
= U+ϕ+(x)
(
ϕ−(y)
)
= 2n
(
ϕ+(x), ϕ−(y)
)
ϕ+(x)
for all x ∈ V+K , y ∈ V−K , which implies that n(x, y) = n
(
ϕ+(x), ϕ−(y)
)
for all
x ∈ V+K , y ∈ V−K . Hence ϕ− and ϕ+ are dual inverses relative to the trace, and
they determine each other. It follows that Ψ is injective.
Since we assume that F is algebraically closed, we have that there exists a Cartan
basis {e1, e2} of K, K = Fe1⊕Fe2 ∼= F×F, and the involution is given by e1 ↔ e2.
It is straightforward to see that the triple product of K on the Cartan basis is given
by:
(3.4)
{e1, e2, e1} = 2e1, {e2, e1, e1} = −e1,
{e2, e1, e2} = 2e2, {e1, e2, e2} = −e2,
{ei, ei, ei} = {e1, e1, e2} = {e2, e2, e1} = 0.
Let τ ∈ Aut(K,−) ≤ Aut(VK) be the automorphism τ : e1 ↔ e2 that swaps the
idempotents of the Cartan basis (i.e., the involution). Fix α, β ∈ F× and consider
the maps
T+α,β : e
+
1 7→ αe+1 , e+2 7→ βe+2 ,
T−α,β : e
−
1 7→ β−1e−1 , e−2 7→ α−1e−2 .
By (3.4), it is clear that Tα,β := (T
+
α,β, T
−
α,β) is an automorphism of VK . Finally,
fix λ ∈ F and define Aλ := (A+λ , A−λ ) where
(3.5) Aσλ : e1 7→ e1, e2 7→ e2 + σλe1,
for σ = ±. Then, using (3.4), it is straightforward to prove that Aλ ∈ Aut(VK).
For instance, we have that
{Aσλ(e1), A−σλ (e2), Aσλ(e1)} = {e1, e2 − σλe1, e1} = {e1, e2, e1}
= 2e1 = A
σ
λ(2e1) = A
σ
λ({e1, e2, e1}),
{Aσλ(e2), A−σλ (e2), Aσλ(e2)} = {e2 + σλe1, e2 − σλe1, e2 + σλe1}
= {σλe1, e2, e2 + σλe1}+ {e2,−σλe1, e2 + σλe1}
= −σλe2 + 2λ2e1 − 2σλe2 + λ2e1 = 0
= Aσλ(0) = A
σ
λ({e2, e2, e2}),
and the other cases are proven similarly. The maps of the form τ , T+α,β and A
+
λ
act on the vector space V+K as elementary matrices, and these generate a group
isomorphic to GL2(F); we can conclude that Ψ is surjective, and therefore an iso-
morphism. 
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Theorem 3.13. Let C be a Hurwitz algebra and VC and TC the associated Kantor
pair and triple system, respectively. Assume either that dimC 6= 2 or that char F 6=
3. Then, we have that
Aut(VC) = 〈cλ,Aut(TC) | λ ∈ F×〉 ∼= (F× ×Aut(TC))/C2
with C2 := 〈(−1,− id)〉 ∼= Z2. Consequently, each ϕ ∈ Aut(VC) satisfies the prop-
erty
t(ϕ+(x+), ϕ−(y−)) = t(x+, y−)
for any x+ ∈ V+, y− ∈ V−; equivalently, (ϕ+)−1 = (̂ϕ−), where ̂ denotes the
dual relative to the bilinear trace.
Proof. First, consider the case with dimC > 2. Fix f = (f+, f−) ∈ Aut(VC).
Recall that if a ∈ C is traceless of norm 1, then La ∈ Aut(TC) ⊆ Aut(VC). Notice
that if x ∈ V+C and y ∈ V−C are conjugate inverses, then g+(x) and g−(y) are
conjugate inverses for any automorphism g of VC . Since 1
+ is invertible, f+(1+)
is invertible too, so that λ := n(f+(1)) 6= 0 (see Proposition 3.10). Without loss
of generality, we can replace f with c1/
√
λf and assume that n(f
+(1)) = 1. Since
dimC > 2, the Cayley-Dickson doubling process shows that there is some traceless
element a ∈ C of norm 1 such that z := Laf+(1) is traceless, and we also have
n(z) = 1. Then, Lz¯Laf
+(1) = 1. Again, without loss of generality we can replace
f with Lz¯Laf and assume that f
+(1) = 1. Since f−(1) must be a conjugate inverse
of 1+ (which is unique by Remark 3.8), we also have f−(1) = 1. By Proposition 2.1,
it follows that f := f+ = f− ∈ Aut(C). Since the automorphisms cλ commute
with any automorphism, it follows that Aut(VC) = 〈cλ,Aut(TC) | λ ∈ F×〉 and we
have an epimorphism
F× ×Aut(TC) −→ Aut(VC),
(λ, f) 7−→ cλf.
(3.6)
The kernel of the isomorphism in (3.6) is C2, which finishes the proof in this case.
Now, consider the case dimC = 2. Fix f = (f+, f−) ∈ Aut(VC). Again,
composing f with some automorphism of type cλ we can assume that n(f
+(1)) = 1.
Then, there exists λ ∈ F× such that f+(1) = λ−1e1 + λe2, where {e1, e2} is a
Cartan basis of C. By (3.3), there is an automorphism fλ ∈ Aut(TC) such that
fλf(1
+) = 1+. Hence, replacing f with fλf , we can assume that f
+(1) = 1. The
same arguments used in the case above prove the result in this case (here we require
char F 6= 3 in order to apply Proposition 2.1).
Finally, for the case with dimC = 1, the result is trivial because we have that
Aut(VF) = 〈cλ | λ ∈ F×〉 and Aut(TF) = 〈cλ | λ = ±1 ∈ F×〉.
The last statement of the result follows from Theorem 3.4, and because the
automorphisms cλ behave well with the trace form. 
Definition 3.14. Recall that the general orthogonal group associated to an algebra
A with a norm form n is the group of similarities of the norm, that is,
GO(A, n) := {f ∈ GL(A) | ∃λ ∈ F× such that n(f(x)) = λn(x) ∀x ∈ A}.
Next result classifies the automorphism groups for Kantor pairs of Hurwitz type.
Corollary 3.15. Let C be a Hurwitz algebra with either dimC 6= 2 or char F 6= 3.
1) If dimC = 1, then Aut(VC) = 〈cλ | λ ∈ F×〉 ∼= F×.
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2) If dimC = 2, then Aut(VC) = GO(C, n) ∼= (F×)2 ⋊ Z2.
2) If dimC = 4, then Aut(VC) ∼= (F× ×O+(C, n))/C2 with C2 ∼= Z2.
3) If dimC = 8, then Aut(VC) ∼= Γ+(S, n), where S is the skew-symmetric subspace
of C and Γ+(S, n) denotes the associated even Clifford group.
Proof. Consequence of Theorem 3.13 and Corollary 3.5. 
Definition 3.16. Let A be a graded algebra. Recall that a bilinear form b :
A×A→ F is said to be homogeneous if we have g+h = 0 whenever b(Ag,Ah) 6= 0.
(Note that this definition is consistent with the fact that the only grading up to
equivalence on F is the trivial grading: F0 := F.) The definition is analogous for a
bilinear form on a graded Kantor triple system. On the other hand, given a graded
Kantor pair V, a bilinear form b : V+ × V− → F will be called homogeneous if we
have g + h = 0 whenever b(V+g ,V
−
h ) 6= 0.
The following Lemma can be regarded as an extension from the case of Hurwitz
algebras (see [EK13, proof of Proposition 4.10]) to the case of Kantor pairs and
triple systems of Hurwitz type.
Lemma 3.17. Let C be a Hurwitz algebra and consider its associated Kantor pair
VC and triple system TC . Assume also that either dimC 6= 2 or char F 6= 3.
Then, for any grading on VC (resp. TC), the bilinear (resp. linear) trace of C is
homogeneous on VC (resp. TC).
Proof. Recall that any grading Γ on TC induces a grading (Γ,Γ) on VC . Also, the
linear trace can be recovered from the bilinear trace via t(x) = t(x, 1). Therefore,
we only need to prove the result in the case of V := VC . Fix a G-grading Γ on
V and let x ∈ V+g , y ∈ V−h be such that t(x, y) 6= 0. We need to prove that
deg+(x)+deg−(y) = 0. Without loss of generality, we can replace y by 2t(x, y)−1y
and assume that t(x, y) = 2. We will denote H := H(C,−) and S := S(C,−).
First consider the case that x is in the orbit of rank 2. Note that for any
automorphism f , by Theorem 3.13 we have that t(f+(x), f−(y)) = t(x, y); hence,
up to automorphism (by Proposition 3.10), we can assume that x = 1+. It follows
that y = 1 + s with s ∈ S. In case char F = 3, we have that U+1 (s) = 0, so that
U+1 (y) = 1 and taking degrees we get deg
+(x) + deg−(y) = 0. Now consider the
case char F 6= 3; thus U1 is invertible. Since U+1 is invertible and homogeneous with
U+1 (1
−) = 1+, it follows that 1− is homogeneous and deg(1+) + deg(1−) = 0. On
the other hand, z− := U−1 U
+
1 (y) = U
−
1−(1 − 3s) = 1 + 9s ∈ V−h . Since y = 1 + s,
1 and 1 + 9s are linearly dependent and homogeneous in V−, they must have the
same degree. Thus deg−(y) = deg−(1) = − deg+(x).
Finally, consider the case where x has rank 1. This time, we can assume without
loss of generality that x = e+1 where e1 denotes the corresponding idempotent in a
Cartan basis of C. From t(x, y) = 1 we deduce that y = e2 + z with z ∈ (Fe1)⊥ =
span{e1, ui, vi | i = 1, 2, 3}. But we also have that kerU+x = span{e−1 , u−i , v−i | i =
1, 2, 3}. We conclude that z ∈ kerU+e1 , so that U+x (y) = U+e1(e2 + z) = 2e+1 = 2x
and again deg+(x) + deg−(y) = 0. 
4. Classification of fine gradings on Hurwitz Kantor systems
In this section, we will first describe some important Peirce decompositions on
Hurwitz pairs. Secondly, some examples of fine gradings by their universal groups
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on Kantor pairs and triple systems of Hurwitz type will be given. And finally, we
will prove that any fine grading on a Kantor pair or triple system of Hurwitz type
is equivalent to exactly one of those examples.
4.1. Peirce decompositions on Hurwitz pairs.
Definition 4.1. Given a Hurwitz algebra C with dimC = 2m > 1, with two copies
of the basis in (1.17) we get a basis of VC that will be denoted BZ(VC) and called
a Cartan basis of VC . Note that BZ(VC) consists of the idempotents of VC given
by eαg := (v
α
g , v
ωα
g ) for g ∈ Zm−12 , α ∈ Ẑ2 = 〈ω〉.
Proposition 4.2. Let C be a Hurwitz algebra with dimC = 2m > 1. Then, the
idempotents eαg of the Cartan basis of VC produce a simultaneous Peirce decompo-
sition that is given by:
V
σ
1,1(e
α
g ) = F(e
α
g )
σ, Vσ− 12 ,0(e
α
g ) = F(e
ωα
g )
σ,
V
σ
0,1(e
α
g ) =
⊕
g 6=h∈Zm−12
F(eαh)
σ, Vσ1
2 ,
1
2
(eαg ) =
⊕
g 6=h∈Zm−12
F(eωαh )
σ,
for σ = ±.
Proof. Consider first the case with m = 3, i.e., C = C. The character ω ∈ Ẑ2
(as in Notation 1.7), identified with its natural extension ω × 1 ∈ Ẑ2 × Ẑ22 ∼= Ẑ32,
produces an automorphism fω of the Z
3
2-grading on C that is given on the Cayley-
Dickson basis via fω(xg) = ω(g)xg. It is easy to see that fω permutes the subspaces
Feαg ↔ Feαωg for each g ∈ Z22 and α ∈ Ẑ2. (Note that the automorphism fω of C
appears in [EK13, Proof of Th. 4.17] with a different guise.) Also, recall from
Lemma 3.3 that for each element xg of the Cayley-Dickson grading, Lxg defines
an automorphism, which is given by (1.20). By the symmetries given by these
automorphisms, it is clear that it suffices to prove the result for the case e = e10 ,
which is easy to calculate using (1.19) and the products of the Cartan basis BZ(C)
of C. For the cases m = 1, 2, the result follows by restriction to the corresponding
subspaces. 
Remark 4.3. The left Peirce decompositions in Proposition 4.2 are produced by
D-operators, which are derivations, so that we have gradings associated to them.
Namely, we have a grading by G = 12Z determined by V
σ
σλ := V
σ
λ,µ(e
α
g ), and there-
fore, by composition with the group isomorphism 12Z → Z, 12 7→ 1, we get a
Z-grading with homogeneous subspaces given by
(4.1) Vσσ2λ := V
σ
λ,µ(e
α
g ).
Also, note that the grading in (4.1) can be properly refined with a shift on the
degree, or just combining it with the Z-grading given by Vσσ1 = V
σ.
4.2. Examples of fine gradings on Hurwitz Kantor systems.
Example 4.4. For the 1-dimensional Hurwitz algebra C = F, it is clear that up to
equivalence we have only one fine grading on VC ; its universal group is isomorphic
to Z, and its universal degree is equivalent to deg(1+) = − deg(1−) = 1. Similarly,
it is easy to see that up to equivalence there is only one fine grading on TC , whose
universal group is Z2, and its associated universal degree is equivalent to deg(1) = 1¯.
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Example 4.5. Let C be a Hurwitz algebra of dimension 2m for some m ∈ {1, 2, 3},
where we also require to exclude the case with char F = 3 and dimC = 2 (the grad-
ing obtained in that case with the construction below is not given by its universal
group, and is actually equivalent to a grading given in Example 4.7). Set G = Zm2
and take a Cayley-Dickson basis BCD(C) = {xg}g∈G of C. There is a grading
ΓCD(VC) by the group Z×G = Z× Zm2 on the Kantor pair VC , where BCD(C) is
a homogeneous basis in VσC for σ = ±, and that is given by
(4.2) deg(xσg ) := (σ1, g)
for σ = ±. The grading ΓCD(VC) will be called the Cayley-Dickson grading on VC .
Example 4.6. Let C, G and BCD(C) be as in Example 4.5. Then, we have a
grading ΓCD(TC) by the group Z2 × G = Zm+12 on the Kantor triple system TC ,
with homogeneous basis BCD(C), and determined by
(4.3) deg(xg) := (1¯, g).
We will refer to ΓCD(TC) as the Cayley-Dickson grading on TC .
Example 4.7. Now we will define a grading on the Cayley pair VC by the group
Z4 using two copies of a Cartan basis of C. Define the following map:
(4.4)
deg(e+1 ) = − deg(e−2 ) := (1, 0, 0, 0),
deg(e+2 ) = − deg(e−1 ) := (0, 1, 0, 0),
deg(u+1 ) = − deg(v−1 ) := (0, 0, 1, 0),
deg(u+2 ) = − deg(v−2 ) := (0, 0, 0, 1),
deg(u+3 ) = − deg(v−3 ) := (1, 2,−1,−1),
deg(v+1 ) = − deg(u−1 ) := (1, 1,−1, 0),
deg(v+2 ) = − deg(u−2 ) := (1, 1, 0,−1),
deg(v+3 ) = − deg(u−3 ) := (0,−1, 1, 1).
Note that the second coordinate of deg coincides with the Z-grading in (4.1) as-
sociated to the idempotent e1a2+a3 =
−1√
2
(u3, v3) of VC. On the other hand, the
last two coordinates of deg coincide with the Cartan grading on C given in (1.12),
which extends to a grading on VC. Furthermore, the sum of all coordinates of deg
is the Z-grading given by Vσσ1 := V
σ, and since a linear combination of compatible
gradings defines a grading, it follows that the first coordinate of deg is also a grad-
ing on VC. Consequently, deg defines a grading, which will be referred to as the
Cartan grading on VC. Analogous Cartan gradings are defined for Hurwitz pairs of
dimensions 2 and 4 by restriction of the same degree map to the bases {e1, e2} and
{e1, e2, u1, v1}, where the grading groups are Z2 and Z3, respectively. It is obvious
that the associated Cartan basis of VC is homogeneous. Given a Hurwitz algebra
C with dimC > 1, the Cartan grading on VC will be denoted by ΓZ(VC).
Example 4.8. Consider the Cartan grading on VC. If we force the relation
deg(x+) = deg(x−) for x in the Cartan basis of C, we obtain a grading by Z3
on VC which also restricts to a grading on TC. This grading will be called the
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Cartan grading on TC and denoted by ΓZ(TC), and its degree map is given by:
(4.5)
deg(e1) = − deg(e2) := (1, 0, 0),
deg(u1) = − deg(v1) := (0, 1, 0),
deg(u2) = − deg(v2) := (0, 0, 1),
deg(u3) = − deg(v3) := (−1,−1,−1).
For a Hurwitz algebra C of dimension 2 or 4, we similarly define its Cartan grading
ΓZ(TC) by restriction of deg to the corresponding basis {e1, e2} or {e1, e2, u1, v2};
in these two cases, the grading groups are Z and Z2, respectively.
Proposition 4.9. The gradings given in Examples 4.4, 4.5, 4.6, 4.7 and 4.8 are
fine and given by their universal groups and their universal degrees.
Proof. It is clear that all these gradings are fine because their homogeneous com-
ponents are 1-dimensional. For the 1-dimensional cases, the result is trivial. For
the Cayley-Dickson gradings, the result follows from Propositions 2.4 and 2.5 (note
that the Kantor pair case with dimC = 2 and char F = 3 is excluded, hence the
requirements to apply Proposition 2.4 hold).
Now consider the Cartan grading on the Cayley pair and let G and deg denote
its universal group and degree, respectively. By Lemma 3.17, the bilinear trace is
homogeneous, from where it follows that deg is determined by its restriction to V+
C
(or V−
C
), and also that the following relations hold: deg(eσ1 ) + deg(e
−σ
2 ) = 0 and
deg(uσi ) + deg(v
−σ
i ) = 0 for i ∈ {1, 2, 3} and σ = ±. Denote a := deg(e+1 ), b :=
deg(e+2 ), c := deg(u
+
1 ), d := deg(u
+
2 ). From the relations 0 6= {e+1 , u−1 , e+2 } ∈ Fu+1 ,
0 6= {e+1 , u−2 , e+2 } ∈ Fu+2 , 0 6= {e+1 , u−1 , u+2 } ∈ Fv+3 and 0 6= {e1, u2, e2} ∈ Fu2 we
get that deg(v+1 ) = a + b − c, deg(v+2 ) = a + b − d, deg(v+3 ) = −b + c + d and
deg(u+3 ) = a+ 2b− c− d. Since G is generated by its support, it is also generated
by {a, b, c, d}. By the universal property, the map f : G→ Z4 sending {a, b, c, d} to
the canonical basis of Z4 is a group epimorphism inducing the Cartan grading; this
also implies that f is actually a group isomorphism and that the Cartan grading
is given by its universal degree. (Note that this proof avoids computing the triple
product for all the 83 possible cases to check all relations between generators.) For
the Cartan gradings on Hurwitz pairs of dimensions 2 and 4, the result follows from
the same arguments.
Finally, consider the Cartan grading on the Cayley triple system TC; let H and
deg denote its universal group and degree. Note that H is defined exactly by
the same relations as the universal group G of the Cartan grading on VC and the
additional relation given by deg(x+) = deg(x−). It is easy to see that the last
relation is equivalent to a+ b = 0, from where it follows that H ∼= Z3 and that the
Cartan grading on TC is given by its universal degree. Again, the same arguments
hold for Hurwitz triple systems of dimensions 2 and 4. 
4.3. Classification of fine gradings on Hurwitz Kantor pairs.
Remark 4.10. Recall that in the case where dimC = 1 we have only one fine grading
on VC (see Example 4.4). So it remains to deal with the classification in the cases
with dimC > 1.
Theorem 4.11. Let Γ be a fine grading on VC and dimC ≥ 2. Then:
1) If char F = 3 and dimC = 2, then Γ is, up to equivalence, the Cartan
grading.
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2) If either char F 6= 3 or dimC 6= 2, then Γ is, up to equivalence, the Cayley-
Dickson grading or the Cartan grading.
Proof. Let Γ be a fine G-grading on VC . We will deal first with the case 1), so
assume that char F = 3 and dimC = 2. By Theorem 3.12, the group Aut(VC) ∼=
GL2(F) acts transitively on the set of bases of V
+
C , so that by applying an auto-
morphism we can assume that a Cartan basis {e1, e2} of C is homogeneous in V+C .
Then, the subspaces kerU+ei = Fe
−
i , for i = 1, 2, are graded, so that the Cartan ba-
sis is also homogeneous in V−C . Consequently, since Γ is fine, it must be equivalent
to the Cartan grading.
From now on, consider the case with either char F 6= 3 or dimC 6= 2. Assume
that dimC = 8; since the cases with dimC = 2, 4 are anologous, we will omit the
details. Consider the case where there exists a homogeneous element x+ ∈ V+C of
rank 2 (for the case x− ∈ V−C , the proof is analogous). By applying an automor-
phism we can assume that x+ = 1+. Take g = − deg(1+). By Proposition 2.4,
the shifted grading Γ[g] restricts to a grading ΓC on C = V
+
C . Notice that (Γ
[g])+
and (Γ[g])− have the same homogeneous components, although the degrees are not
necessarily the same. Since Γ is fine, ΓC is fine on C. Then ΓC cannot be equivalent
to the Cartan grading on C because its extension admits a proper refinement on VC
(namely, the Cartan grading on VC). Thus ΓC must be equivalent to the Cayley-
Dickson grading on C, and consequently, Γ is equivalent to the Cayley-Dickson
grading on VC .
Now consider the case where there are no homogeneous elements of rank 2,
that is, all homogeneous elements have rank 1 (which forces them to be isotropic).
Since n is nondegenerate, we can take two homogeneous elements x, y ∈ V+C such
that n(x, y) 6= 0. Since n(x, y) = n(x + y) − n(x) − n(y) = n(x + y), we also
have that n(x + y) 6= 0. Up to automorphism (see Proposition 3.10), we can
assume that x + y = 1+. Then 2 = t(1+) = t(x) + t(y), and so we have either
t(x) 6= 0 or t(y) 6= 0. Without loss of generality, consider the case t(x) 6= 0.
Since x is isotropic, we have x2 = λx for λ = t(x) 6= 0 and e1 := λ−1x is an
isotropic idempotent. Using the same arguments as in [EK13, Chapter 4], we can
complete e1 to a Cartan basis where e2 := 1− e1 is an isotropic idempotent. Since
y = 1 − x = (e1 + e2) − λe1 = (1 − λ)e1 + e2 is isotropic it follows that λ = 1.
Therefore x = e1 and y = e2 are homogeneous in V
+
C .
Notice that Ue+1 ,e
+
2
and Ue+
i
, for i = 1, 2, are homogeneous maps; hence we have
that Ker(Ue+1 ,e
+
2
) = Fe1 ⊕ Fe2 and Ker(Ue+
i
) = Fei ⊕ U ⊕ V are graded subspaces
in V− for i = 1, 2, where U := span{ui | i = 1, 2, 3} and V := span{vi | i = 1, 2, 3}.
Intersecting these subspaces we get that U ⊕ V , Fe1 and Fe2 are graded subspaces
in V−. Analogously, U ⊕ V is graded in V+. Now we will prove that U and V
are graded subspaces in Vσ for σ = ±. Let deg(e+i ) = gi for i = 1, 2 and notice
that, since the trace is homogeneous (Lemma 3.17), we have deg(e−1 ) = −g2 and
deg(e−2 ) = −g1. Take 0 6= u + v ∈ (U ⊕ V )−g for some g ∈ G, with u ∈ U ,
v ∈ V . Then {e+1 , u+ v, e+2 } = −(u+2v) ∈ (U ⊕V )+g+g1+g2 and {e−1 , u+2v, e−2 } =
−(u+4v) ∈ (U ⊕V )−g . It follows that v and u are homogeneous of degree g in V−C .
Therefore U and V are graded in V+, and similarly in V−. If 0 6= u ∈ U−g for some
g ∈ G, then {e+1 , u, e+2 } = −u ∈ U+g1+g2+g, and it follows that the homogeneous
components of U+ and U− coincide. Similarly, the homogeneous components of
V + and V − coincide.
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Following again [EK13, Chapter 4], we will now construct a homogeneous Cartan
basis. Denote U := e1Ce2 and V := e2Ce1. Take a homogeneous basis {ui}3i=1 of
U+ such that n(u1u2, u3) = 1 (this is possible because n(U
2, U) 6= 0 and n(U) = 0).
Note that {ui}3i=1 are homogeneous in U− too. Then {v1 = u2u3, v2 = u3u1, v3 =
u1u2} is the dual basis in V . Since {eσ1 , u−σi , uσj } are homogeneous for i, j = 1, 2, 3,
it is clear that vi is homogeneous in V
σ
C for i = 1, 2, 3 and σ = ±. We have obtained
a homogeneous Cartan basis of VC . Since Γ is fine, it must be equivalent to the
Cartan grading on VC . 
4.4. Classification of fine gradings on Hurwitz Kantor triple systems.
Remark 4.12. Recall from Corollary 3.7 that the classification of fine gradings
coincide on TC and T
′
C . It turns out that fine gradings on the triple system T
′
C
,
where C is a Cayley algebra, have also been classified in an independent work
[DETpr], where this triple system has been used to classify gradings on a 3-fold
cross product denoted by (C, XC1 ).
Remark 4.13. We already know that in the case where dimC = 1 there is only one
fine grading on VC (see Example 4.4). We will now deal with the remaining cases.
Theorem 4.14. Let Γ be a fine grading on TC and dimC ≥ 2. Then Γ is, up to
equivalence, the Cayley-Dickson grading or the Cartan grading.
Proof. Let Γ be a fine G-grading on VC . Only the case dimC = 8 will be considered
(the cases with dimC = 2, 4 are proven with the same arguments).
Consider first the case where there is some homogeneous element x in some orbit
O2(λ). Since F is algebraically closed, we can scale x and assume that n(x) = 1.
Furthermore, up to automorphism of TC , we can assume that x = 1 is homogeneous.
By Proposition 2.5, for g = deg(1), Γ[g] restricts to a grading ΓC on C, which is
fine because Γ is fine. With exactly the same argument used in the first part of
the proof of Theorem 4.11, it follows that Γ is equivalent to the Cayley-Dickson
grading on TC .
Now consider the case where all homogeneous elements are in the orbit of rank
1. Since n is nondegenerate we can take two homogeneous elements x, y ∈ TC
such that n(x + y) 6= 0. Following the proof of Theorem 4.11, we deduce that x
and y are isotropic idempotents in C, which will be denoted by e1 and e2. By
Theorem 3.4, we can use the product of T′C instead of the one in TC , because the
classification of fine gradings (and the orbits under their automorphisms groups)
coincide on both triple systems. Denote U := e1Ce2 and V := e2Ce1. Since e1 and
e2 are homogeneous, {e1, C, e2}′ = U and {e2, C, e1}′ = V are graded subspaces.
Following the proof of Theorem 4.11, we can take a homogeneous basis {ui}3i=1 of
U such that n(u1u2, u3) = 1, and construct its dual basis {vi}3i=1 in V , so that we
obtain a homogeneous Cartan basis of TC . Since Γ is fine, it must be equivalent to
the Cartan grading on TC . 
5. Weyl groups of fine gradings on Hurwitz Kantor systems
In this section we compute the Weyl grups of the fine gradings on Kantor pairs
and triple systems of Hurwitz type.
Remark 5.1. Consider the Kantor pair VF and triple system TF associated to the
1-dimensional Hurwitz algebra F. Let Γ be the only fine grading on VF or on TF. In
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both cases, it is clear that W(Γ) is the trivial group. Thus, it remains to deal with
the Kantor pairs and triple systems associated to Hurwitz algebras of dimension
greater than 1.
Theorem 5.2. Let C be a Hurwitz algebra of dimension 2m for some m ∈ {1, 2, 3},
and ΓCD the Cayley-Dickson Z × Zm2 -grading (resp., Zm+12 -grading) on VC (resp.,
on TC). Then we have:
W(ΓCD) ∼=
{(
1 0
a A
)
| a ∈ Zm2 , A ∈ GLm(Z2)
}
. GLm+1(Z2).
Proof. Denote the Cayley-Dickson grading on VC , resp. on TC , by ΓV, resp. by
ΓT. Also denote
W :=
{(
1 0
a A
)
| a ∈ Zm2 , A ∈ GLm(Z2)
}
.
For the case m = 3, recall from [EK13] that if ΓC is the fine Z
m
2 -grading on C, then
W(ΓC) ∼= Aut(Zm2 ) ∼= GLm(Z2). By restriction of the automorphisms, the same
holds for the cases m = 1, 2.
First, consider the case on the Kantor pair VC with m = 3, so that C = C is
the Cayley algebra. Since the automorphisms of C extend to VC, we can identify
W(ΓC) ≤ W(ΓV). Therefore, W(ΓV) has a subgroup corresponding to the block
structure
GC :=
{(
1 0
0 A
)
| A ∈ GL3(Z2)
}
∼= GL3(Z2).
Now, fix a traceless element x ∈ C of norm 1 that is homogeneous in V+
C
. Then,
x is also homogeneous in V−
C
and, by Lemma 3.3, the map Lx is a homogeneous
automorphism of ΓV. Moreover, Lx induces an element of W(ΓV) corresponding to
a block of the form
M =
(
1 0
a A
)
for some 0 6= a ∈ Z32, A ∈ GL3(Z2). It is easy to see that the group generated by
M and GC is W, which implies the inclusion W .W(ΓV). Furthermore, we have
W(ΓV) ≤ {ϕ ∈ Aut(Z× Z32) | ϕ(Supp ΓσV) = Supp ΓσV, σ = ±} ≡W.
We have proven the isomorphism W(ΓV) ∼= W.
The same arguments above prove the result for the Kantor pairs in the cases
m = 1, 2, and also that W . W(ΓT) in all the cases for triple systems. Since
we have the natural inclusion W(ΓT) ≤ W(ΓV) ∼= W, the result follows for triple
systems too. 
Theorem 5.3. Let C be a Hurwitz algebra with dimC = 2m > 1. Then,
W(ΓZ(VC)) ∼= W(ΓZ(TC)) ∼= Sym(Zm−12 )× Sym(Ẑ2) ∼= Sym(2m−1)× Z2 . AutΦ,
where Φ denotes the root system of K(C).
Here, an element (ρ, τ) ∈ Sym(Zm−12 )×Sym(Ẑ2) corresponds to the permutation
of subspaces Fvαg 7→ Fvτ(α)ρ(g) in TC or V+C .
Proof. We already know that Weyl groups extend as subgroups when extending
gradings from Kantor triple systems to Kantor pairs, and from Kantor pairs to
their Kantor-Lie algebras, so that we have W(ΓZ(TC)) ≤W(ΓZ(VC)) ≤ AutΦ.
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From the automorphisms given in [EK13, Proof of Th. 4.17], it follows that for
each ρ ∈ Sym(Zm−12 \{0¯}) and τ ∈ Sym(Ẑ2) there exists ϕ ∈W(ΓZ(TC)) acting via
ϕ(Fvαg ) = Fv
τ(α)
ρ(g) . Hence Sym(Z
m−1
2 \ {0¯})×Sym(Ẑ2) is a subgroup of W(ΓZ(TC)).
Since Lxg is a homogeneous automorphism of TC for g ∈ Zm−12 , it follows from
(1.20) that W := Sym(Zm−12 )× Sym(Ẑ2) is a subgroup of W(ΓZ(TC)).
Let ϕ ∈ W(ΓZ(VC)). We claim that ϕ ∈W. If we compose ϕ with an element of
W, we can assume that ϕ fixes the subspace (Fv10 )
+ = Fe+1 , and therefore ϕ also fixes
the subspace with opposite degree, which is the subspace (Fvω0 )
− = Fe−2 . Then, the
Peirce subspaces in Proposition 4.2 associated to the homogeneous idempotent e10
are fixed too. Consequently, ϕ fixes the homogeneous component (Fvω0 )
+ = Fe+2 and
permutes the homogeneous components of
⊕
06=g∈Zm−12 (Fv
1
g )
+ =
⊕3
i=1 Fu
+
i . Then,
composing ϕ again with an element of W, we can assume that ϕ fixes each of the
subspaces (Fv1g )
+ for g ∈ Zm−12 . Again, since the Peirce subspaces are preserved,
it follows that each of the subpaces (Fvωg )
+ for g ∈ Zm−12 are fixed too, so that ϕ is
the identity map. We have proven that W(ΓZ(VC)) ≤ W. Consequently, we have
that W ≤W(ΓZ(TC)) ≤W(ΓZ(VC)) ≤W, and the result follows. 
Remark 5.4. Let C be a Hurwitz algebra. Consider the root decomposition of
K(VC) associated to the Cartan grading ΓZ(VC) on VC . Let xα, xβ be elements of
the Cartan basis of VC with associated roots α, β. By Theorem 5.3, the action of the
Weyl group on the homogenous components is transitive; thus all the roots related
to the homogeneous components of VσC have the same length, so that ‖α‖ = ‖β‖.
Hence, Proposition 1.15 shows that the left Peirce constant relating xα and xβ is
exactly cos(α, β). Since the left Peirce constants appearing in Proposition 4.2 are
exactly 1, 1/2, 0 and −1/2, the corresponding angles appearing between their roots
are 0◦, 60◦, 90◦ and 120◦, respectively.
6. Induced fine gradings via the Kantor construction
In this section we give a summary of the fine gradings on Lie algebras obtained,
using the Kantor construction, from the fine gradings on Kantor pairs of Hurwitz
type. We will first determine the associated Kantor-Lie algebra for each case.
Recall from [Al79] that the Kantor construction can be regarded as
K(A) = S− ⊕A− ⊕ (TA ⊕Der(A))⊕A+ ⊕ S+,
where TA = {Tx := Vx,1 | x ∈ A}.
Let (C,−) be a Hurwitz algebra, and recall that in this case Der(C) = Inder(C).
By [Al79, Corollary 6], K(C) is a simple Lie algebra. Recall also that if the dimen-
sion of C is 1, 2, 4 or 8, then the dimension of Der(C) is 0, 0, 3 or 14, respectively.
Therefore the dimension of K(C) is 3, 8, 21 or 52, respectively. Consequently, in the
case that dimC equals 1, 2 or 8, the simple Lie algebra K(C) must be isomorphic
to a1 = sl2, a2 = psl3 or f4, respectively. On the other hand, for the case dimC = 4
there are two simple Lie algebras of dimension 21 (of types B3 and C3), but since
the type of the main grading on K(C) is (0, 0, 2, 2, 0, 0, 1) and there is no grading
on o7 (B3) with such type (whereas there is one for the Lie algebra of type C3)
(see [EK13] and references therein), we can conclude that K(C) is isomorphic to
sp3 = c3. Note that the Lie algebras we obtained are the ones appearing in the first
row (or column) of the well-known Freudenthal magic square.
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Recall from sections above that, for the Hurwitz Kantor pair VC in the case with
char F = 3 and dimC = 2, the results related to automorphisms and gradings are
different. The reason of this is that K(C) = a2 is exceptional in this case, and it is
also well-known that Aut(a2) is an exceptional Lie group of type G2 [Ste61, §7.2,
7.3]. Note that in [EK13], the classification of fine gradings on simple Lie algebras
of type A required a different treating in the case of a2. Also, recall that a2 = sl3
if char F 6= 3, but a2 = sl3/Z(sl3) with Z(sl3) = FI3 if char F = 3.
Proposition 6.1. Let C be a Hurwitz algebra with dimC = 2m > 1, and either
char F 6= 3 or dimC 6= 2. The Cayley-Dickson grading on the Kantor pair VC
extends to a fine grading on K(VC) with universal group Z × Zm2 . For each pos-
sible case, dimC = 2, 4, 8, the type of the grading is (8), (15, 3) and (31, 0, 7),
respectively.
Proof. The first part follows from Prop. 1.6. Consider the case dimC = 8. Denote
V = VC. Recall that both subspaces K(V)
1 = V+ and K(V)−1 = V− consist of
eight 1-dimensional homogeneous components. Also, note that dimK(V)0 = 22
and dimK(V)±2 = 7.
For xg, xh in the Cayley-Dickson basis BCD(C) of C, we have that K(x
+
g , x
+
h ) =
Lψ(xg,xh) where ψ(x, y) := xy¯ − yx¯. Therefore, K(x+g , x+h ) = 0 if g = h, that
is, K(V)2(2,e) = 0, where e is the neutral element of Z
3
2. Hence, Supp K(V)
2 =
{(2, g) | e 6= g ∈ Z32}. The Weyl group in Theorem 5.2 shows that the homoge-
neous components of Supp K(V)2 are in the same orbit under the action by au-
tomorphisms, so that they have the same dimension, and consequently they are
1-dimensional. The same arguments hold for Supp K(V)−2.
Note that for xg ∈ BCD(C) we have that Dσ(xg, xg) = idVσ (that is, x−g is the
conjugate inverse of x+g ), so that dimK(V)
0
(0,e) = 1. Again, the Weyl group in
Theorem 5.2 shows that the homogeneous components with degrees {(0, g) | e 6=
g ∈ Z32} are in the same orbit under the action by automorphisms, so that they
must have the same dimension, which must be 3. It follows that the type of the
grading on K(V) is (31, 0, 7) (note that this coincides with the type of the grading on
f4 given in [EK13, Corollary 5.40]). The proof is analogous in the cases dimC = 2,
4. 
Proposition 6.2. Let C be a Hurwitz algebra with dimC = 2m. The Cartan
grading on the Kantor pair VC extends to a fine grading on K(VC) with universal
group Zm+1, that is, the Cartan grading on K(VC).
Proof. Consequence of the correspondence given in Prop. 1.6 and the fact that
Cartan gradings on Lie algebras are produced by maximal tori. 
In Figure 2 we summarize the general information for each fine Kantor-compatible
grading on the Kantor-Lie algebras of our study, including the type and universal
group. (The types of the gradings follow from the classification of fine gradings on
the classical simple Lie algebras [EK13].) Recall that we denote Cartan gradings
and Cayley-Dickson gradings by ΓZ and ΓCD, respectively.
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dimC 1 2 4 8
K(C) a1 a2 c3 f4
U(ΓZ) Z Z
2 Z3 Z4
Type(ΓZ) (3) (6, 1) (18, 0, 1) (48, 0, 0, 1)
U(ΓCD) − Z× Z2 (char F 6= 3) Z× Z22 Z× Z32
Type(ΓCD) − (8) (15, 3) (31, 0, 7)
Figure 2. Fine gradings obtained via the Kantor construction
from Kantor pairs of Hurwitz type
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